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Spatial heterogeneity and migration (for background)

Fisher’s equation(1930):

∂u

∂t
= d∆u + ru(m(x)− u), u(x , 0) = u0(x), x ∈ Ω, t > 0,

where ∆ := ∂2

∂x2
1

+ ..+ ∂2

∂x2
N

.

• u(x , t) - the population at time t and point x .
• m(x) - the local carrying capacity (the resource distribution).
• d > 0 - the diffusivity depending on the property of organism.
• r > 0 - natural growth rate(:=birth rate - death rate).
• Ω - a smooth bounded domain in RN .



Random diffusion case (for background)

Fick’s laws (1885):
• f = −d∇u
• ∂u
∂t = d∆u,

where f is the diffusion flux and ∇ := ( ∂
∂x1
, .., ∂

∂xN
).

1 If m(x) ≥ 0, there exists θd,r ,m, a unique positive globally asymptotically
stable steady state solution(g.a.s.s.s. for brevity).

2 Under the Neumann boundary condition, θd,r ,m satisfies

θd,r ,m(x)→ m(x) as d/r → 0,

θd,r ,m(x)→ 1

|Ω|

∫
Ω

m(x)dx as d/r →∞.





Biological diffusion

• Self-diffusion: intra-specific interactions

• Advection (Directed movement): movements toward resource(food)
− Keller-Segel model of chemotaxis 70’
− f = −d∇u + cu∇m, c > 0: Belgacem and Cosner 95’

• Cross-diffusion: inter-specific interactions
− Shigesada-Kawasaki-Teramoto model 79’{

ut = ∆[(d1 + ρ11u + ρ12v)u] + u(a1 − b1u − c1v)
vt = ∆[(d2 + ρ21u + ρ22v)v ] + v(a2 − b2u − c2v)



Starvation driven diffusion: E. Cho and Y.-J Kim, Bull.
Math. Biol., 2013

Starvation Driven Diffusion (SDD):

f = −∇(γ(s)u), (1)

where γ denotes the motility and s = u
m is the starvation measure.

Since s = u
m = food demand

food supply ,

(i) s < 1, enough food, organisms intend to stay;
(ii) s > 1, organisms starve and want to leave.

• Starvation ↗ ⇒ Diffusion rate ↗
• Starvation ↘ ⇒ Diffusion rate ↘

⇒ γ(s) is a increasing function.



Assumptions:

• Natural assumption: γ′(s) ≥ 0

• Technical assumptions: ∃0 < ` < h <∞ s.t.

γ(s) ↑ h as s ↑ ∞, γ(s) ↓ ` as s ↓ 0,

γ ∈ C 2(R+), m ∈ C 2(Ω), m > 0.



Remark.

• Single species case: s = u
m

f = −∇(γ(s)u) = −(γ(s) + sγ′(s))∇v + s2γ′(s)∇m.

Self-diffusion; Advection toward the resource;

∆(γ(s)u) = ∇ ·
(

(γ(s) + sγ′(s))∇u − s2γ′(s)∇m
)
,

(γ(s) + γ′(s)s) ≥ ` > 0, uniformly parabolic.

• Competition case: s = u+v
m , where v is the density of the competing species.

f = −
(
γ(s) +

u

m
γ′(s)

)
∇u − u

m
γ′(s)∇v +

u

m
sγ′(s)∇m.

Self-diffusion; Cross-diffusion; Advection.



Single equation with SDD: Kim, K. and Li, J. Math. Biol.,
2014


ut = ∆[γ(s)u], Ω× (0,∞),

∇[γ(s)u] · ~n = 0 on ∂Ω× (0,∞)∫
Ω
u0 = ℘0.

(2)

Theorem

Let u be the solution of (2). Then

γ(s(x , t))u(x , t)→ ℘0 weakly in W 1,2(Ω) as t →∞.



Ideal Free Distribution

Ideal Free Distribution: A population distribution is called ideal free if each
individual has the same fitness to environment at steady state. In PDE models,
the corresponding steady state is u = m(x).

Theorem

Let γ = γε and the resource distribution m(x) satisfy

maxΩ̄ m(x)

minΩ̄ m(x)
<

h

`
.

Then, there exists a constant ℘0 > 0 such that the solution u(x , ℘0; ε) converges
to m(x) as ε→ 0. In other words, u = m(x) is a steady state solution under the
motility function γ0.

γε is a convolution of γ0 and some mollifier.





Single equation with logistic reaction{
ut = ∆[γ(s)u] + u(m − u), Ω× (0,∞),
∇[γ(s)u] · ~n = 0 on ∂Ω× (0,∞).

(3)

Theorem

Choose γ(s) = γε(s). Assume

maxΩ̄ m(x)

minΩ̄ m(x)
< min{ 2h

h + `
,
h + `

2`
},

then (3) has a unique positive s.s. θγε with

lim
ε→0

θγε(x) = m(x) in L∞.

Proof
• U = γε(

u
m(x) )u = h+`

2 minΩ m is a subsolution.

U = γε(
u

m(x) )u = h+`
2 maxΩ m is a supersolution.

• u = m(x) + O(ε) and u = m(x) + O(ε).
• u ≤ θγε ≤ u.



Theorem

(3) admits at least one positive stable s.s.. Moreover, it is unique and thus
globally asymptotically stable if one of the following holds

(i) γ(s)− s(s − 1)γ′(s) > 0 for 0 < s < 1;

(ii) maxΩ m(x) ≤ 2 minΩ m(x);

(iii) ∇m · ~n ≤ 0 on ∂Ω, ∆m + m2/(2γ( 1
2 )) ≥ 0.

Proof
• Existence: Supersolution/Subsolution method.
• Uniqueness: Conditions (i), (ii) and (iii) are for technical reasons.



Evolution with SDD: Kim, K. and Li, Bull. Math. Biol.,
2013

Competition between uniform random diffusion and SDD:{
ut = d∆u + u(m − u − v),
vt = ∆[γ(s)v ] + v(m − u − v), s = u+v

m .
(4)

Let (θd , 0) and (0, θγ) denote the two semi-trivial steady states.

Remark. It was shown by Dockery et al. 98’ that for{
ut = d∆u + u(m − u − v),
vt = D∆v + v(m − u − v).

(5)

If d < D, then (θd , 0) is g.a.s.s.s., i.e., the evolution is toward slower diffuser.



Theorem

Let γ = γε. If m(x) is not a constant, ε > 0 is sufficiently small (depending on
h, `,m and d), and

maxΩ̄ m(x)

minΩ̄ m(x)
≤ h

`
, (6)

then the semi-trivial steady state (θd , 0) is unstable.



Proof

Stability: Linearization and the first eigenvalue estimate.
The eigenvalue value problem at (θd , 0) is given by

λφ = d∆φ+ (m − 2θd)φ− θd
γ(s) Ψ,

λΨ = γ(s)
[
∆Ψ + m−θd

γ(s) Ψ
]
,

0 = ~n · ∇Ψ = ~n · ∇φ.

The eigenvalue value problem at (0, θγ) is given by
λφ = d∆φ+ (m − θγ)φ,

λΨ = (γ(sγ) + γ′(sγ)sγ)
{

∆Ψ +
(m−2θγ)
γ+γ′sγ

Ψ + [
γ′sγ(m−2θγ)
γ+γ′sγ

− θγ ]φ
}

+γ′(sγ)sγ {d∆φ+ (m − θγ)φ} ,
0 = ~n · ∇Ψ = ~n · ∇φ.



Lemma

Let θd and θγ be the unique stable steady solution.

(i) Let µ1 be the first eigenvalue of{
µΨ = ∆Ψ + m−θd

γ Ψ,

0 = ~n · ∇Ψ.

If µ1 > 0, then a semi-trivial steady state solution (θd , 0) is linearly unstable.
If µ1 < 0, then it is linearly stable.

(ii) Let ν1 be the first eigenvalue of{
νφ = d∆φ+ (m − θγ)φ,

0 = ~n · ∇φ.

If ν1 > 0, then the other semi-trivial steady state solution (0, θγ) is linearly
unstable. If ν1 < 0, it is linearly stable.



Competition between SDDs

{
ut = ∆[γ1(s)u] + u(m − u − v),
vt = ∆[γ2(s)v ] + v(m − u − v).

(7)

Let (θγ1 , 0) and (0, θγ2 ) denote the two semi-trivial steady states.

Theorem (Spatial heterogeneity prefers fitness!)

If γ1(s) ≥ γ2(s) for 0 ≤ s < 1, γ1(s) ≤ γ2(s) for 1 < s <∞ and γ1 6≡ γ2 in a
small neighborhood of s = 1. Then, (0, θγ2 ) is the unique stable steady state.



Proof

• Stability: Linearization and the first eigenvalue estimate.
• No coexistence: Property of motility function γ and maximum principle.
Suppose (ũ, ṽ) is a steady state such that ũ 6= 0 6= ṽ . Then, we have{

0 = ∆Ũ + ũ[m − ũ − ṽ ],

0 = ∆Ṽ + ṽ [m − ũ − ṽ ].

where Ũ = γ1(s)ũ, Ṽ = γ2(s)ṽ and s = ũ+ṽ
m . Clearly, (Ũ, Ṽ ) satisfies{

0 = ∆Ũ + m−ũ−ṽ
γ1(s) Ũ,

0 = ∆Ṽ + m−ũ−ṽ
γ2(s) Ṽ .

We have
m − ũ − ṽ

γ1(s)
≤ m − ũ − ṽ

γ2(s)
.



The graph of γ1 and γ2.



Global asymptotic stability and Coexistence: Kim and K.,
Bull. Math. Biol., 2016

{
ut = d∆u + u(m − u − v),
vt = ∆[γ(s̃)v ] + v(m − u − v), s̃ = v

m .
(8)

Theorem (Global asymptotic stability)

Let γ = γε. If d ≥ `, then (0, θγ) is the globally asymptotically stable steady
state solution.

Proof
• Stability: Linearization and the first eigenvalue estimate.
• No coexistence: Property of motility function γ and maximum principle.
• Monotonicity: Let (u, v) be the solution with the initial value (u0, v0). If (ũ, ṽ)
is the solution with the initial value (ũ0, ṽ0) such that u0 ≤ ũ0 and v0 ≥ ṽ0, then
u(x , t) < ũ(x , t) and v(x , t) > ṽ(x , t).



{
ut = ∆[γ(s)u] + u(m − u − v),
vt = ∆[γ(s̃)v ] + v(m − u − v).

(9)

Theorem

Let 0 < m(x) 6= constant. The steady state (θγ , 0) is linearly stable and the other
steady state (0, θγ) is linearly neutrally stable. Moreover, there is no other steady
state.

Proof
• A linear neutral stability: the first eigenvalue is nonnegative.
• Stability: Linearization and the first eigenvalue estimate.
• No coexistence: Property of motility function γ and maximum principle.



Coexistence

• γ(s) = ` for 0 ≤ s ≤ s∗

Theorem

If s∗ ≥ maxx m(x)
minx m(x) , both semi-trivial steady states, (θγ , 0) and (0, θγ), are linearly

neutrally stable. If s∗ ≤ minx m(x)
maxx m(x) , (θγ , 0) is linearly unstable and (0, θγ) linearly

neutrally stable.



Numerical simulations: two-patch model
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Figure: Global asymptotic stability test for (θd , 0) with an initial value close to (0, θγ).
Here, d = 0.01 h = 0.2 and ` = 0.11. The first column is the population dynamics in
patch with a carrying capacity m1 = 2 and the second one is with m2 = 1.
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Figure: Trajectories in the phase plane. The horizontal axis is for the first phenotype u
with a linear dispersal and the vertical one is for the other phenotype v with starvation
driven one. Here, d = 0.15, ` = 0.11 and h = 0.2 and (u, v) = (0, θγ) is globally
asymptotically stable and hence all trajectories converges to (0, θγ). Two side figures are
magnified trajectories near the diagonal region.
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Figure: Here, h = 0.2 and ` = 0.11 and the first column is the population dynamics in
patch with a carrying capacity m1 = 2 and the second one is with m2 = 1. One may
observe the global asymptotic stability of (u, v) = (θγ , 0).



Coexistence

(a) Coexistence test with an initial value closed to (θγ , 0) when s∗ ≤ min m
max m .

Here, s∗ = 0.3.

in patch #1 (m1 = 2)
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(b) Coexistence test with an initial value close to (0, θγ).
Here, s∗ = 0.75.
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(c) Global asymptotic stability test for (0, θγ) with an initial value close to (θγ , 0).
Here, s∗ = 0.95.
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(d) Global asymptotic stability test for (θγ , 0) with an initial value close to (0, θγ).
Here, s∗ = 1.05.
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Thank you for your attention!


