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Near continuum regime

(small Knudsen number):

Asymptotic theory



Strouhal number                     Knudsen number

Dimensionless variables

Navier-Stokes  +  Slip conditions  ?

Steady (time-independent) flows

Systematic asymptotic analysis (formal) for small Kn

Y. Sone (1969, 1971, …, 2002, … 2007, …)

• Kinetic Theory and Fluid Dynamics (Birkhäuser, 2002)

• Molecular Gas Dynamics: Theory, Techniques, and

Applications (Birkhäuser, 2007)

Fluid-dynamic description



Asymptotic analysis (brief summary)

Fluid-dynamic solution

Boltzmann eq.

(dimensionless)

+  BC

(Hilbert expansion)

Macroscopic quantities

Boltzmann eq.Sequence of integral equations

Solutions

Constraints for

Fluid-dynamic equations



Knudsen layers

F-D sol. Knudsen-layer correction

Half-space problems of

linearized Boltzmann equation

Boundary conditions for

fluid-dynamic equations

Constraints on boundary values of

gas

****************

Types of F-D system (eqs. + bc) are different

depending on physical situations
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Sone (1969, 1971), RGD6, RGD7

Sone (1991), Advances in Kinetic

Theory and Continuum Mechanics

F-D eqs.
Stokes system

Stokes limit Golse & Levermore (2002)  CPAM 55, 336
* * * * * * * * * *

Small temperature & density variations

Starting point:   Linearized Boltzmann eq.



F-D eqs.

Stokes system

BC

No-slip condition

Slip condition                                             slip coefficients



Effects of curvature, thermal stress, …

Thermal

creep

Temp.

jump

Shear

slip



Thermal creep

fastslow

Diffuse reflection: isotropic

Gas at rest

(no pressure gradient)



Thermal creep

fastslow
flow

Diffuse reflection: isotropic

Gas at rest

(no pressure gradient)
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Sone, A, Takata, Sugimoto, &

Bobylev (1996), Phys. Fluids 8,

628

Large temperature & density variations

Ghost effect

Defect of classical

fluid dynamics gas

• Boltzmann equation  (hard-sphere molecules)

• Diffuse reflection

• Boundary at rest, no flow at infinity

(more generally, slow motion of boundary

and slow flow at infinity can be included)

Example



Dimensionless variables   (normalized by                           )

Boltzmann equation

Boundary condition

dimensionless

molecular velocity

Formal asymptotic analysis

for



Boltzmann eqs.

Hilbert solution (expansion)

Macroscopic quantities

Sequence of integral equations

Fluid-dynamic-type equations





Sequence of integral equations

Zeroth-order Solution: local Maxwellian

Assumption

Boundary at rest (No flow at infinity)

Consistent assumption



Higher-order

Homogeneous eq. has nontrivial solutions

Linearized collision operator

Kernel of

Solution:

Solvability conditions

Fluid-dynamic equations



Fluid-dynamic-type system for

gas



F-D eqs.

const  for hard-sphere molecules



BC

can be made to satisfy BC at         if

Knudsen layer and slip boundary conditions

However, higher-order solutions

cannot satisfy kinetic BC
Knudsen layer



Hilbert solution Knudsen-layer

correction

Stretched normal coordinate

Solution:

Eq. and BC for Half-space problem for

linearized Boltzmann eq.



Knudsen-layer problem

Solution     exists uniquely iff                        

take special values

Undetermined consts.

Boundary values of
Grad (1969)  Conjecture

Bardos, Caflisch, & Nicolaenko (1986):  CPAM

Maslova (1982), Cercignani (1986)

Golse, Poupaud (1989)



BC

0

0

Thermal creep

Thermal creep flow caused by

large temperature variation

Flow caused by thermal stress

Galkin, Kogan, & Fridlander (71)



Example Thermal creep flow in 2D channel

with sinusoidal boundary and with

sinusoidal temperature distribution

Laneryd, A, Degond,

& Mieussens (2006), RGD25

Some results for

Numerical sol. by finite-

volume method

hard-sphere molecules



Arrows

A type of Knudsen pump

One-way flow with pumping effect



Arrows

A type of Knudsen pump

One-way flow with pumping effect



: Isothermal

lines



Large temperature & density variations

Ghost effect Defect of classical fluid dynamics

Fluid-

dynamic

limit

F-D system for

gas

Sone, A, Takata, Sugimoto, &

Bobylev (1996), Phys. Fluids 8,

628



F-D eqs.

const  for hard-sphere molecules



BC

0

0

Thermal creep



Continuum (fluid-dynamic) limit

Navier-Stokes system

gas

The flow vanishes; however, the temperature field is still

affected by the invisible flow
Ghost effect

: steady heat-conduction eq.

+ no-jump cond.

Defect of Navier-Stokes system



Single gas:

Sone, A, Takata, Sugimoto, & Bobylev (1996), Phys. Fluids 8, 628

Sone, Takata, & Sugimoto (1996), Phys. Fluids 8, 3403

Sone (1997), Rarefied Gas Dynamics (Peking Univ. Press), p. 3

Sone (2000), Ann. Rev. Fluid Mech. 32, 779

Sone & Doi (2003), Phys. Fluids 15, 1405

Sone, Handa, & Doi (2003), Phys. Fluids 15, 2904

Sone and Doi (2004), Phys. Fluids 16, 952

Sone & Doi (2005), Rarefied Gas Dynamics (AIP), p. 258

References for ghost effect

Gas mixture:

Takata & A (1999), Phys. Fluids 11, 2743

Takata & A (1999), Rarefied Gas Dynamics (Cepadues), Vol. 1, p. 479

Takata & A (2001), Transp. Theory Stat. Phys. 30, 205

Takata (2004), Phys. Fluids 16

Yoshida & A (2006), Phys. Fluids 18, 087103



Isothermal lines

Arrows

: asymptotic

: N-S


