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Near continuum regime
(small Knudsen number):
Asymptotic theory



Dimensionless variables
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[
Fluid-dynamic description (Kn =S 1)

Navier-Stokes + Slip conditions ?

Steady (time-independent) flows
Systematic asymptotic analysis (formal) for small Kn

Y. Sone (1969, 1971, ..., 2002, ... 2007, ...)

«  Kinetic Theory and Fluid Dynamics (Birkhauser, 2002)

Molecular Gas Dynamics: Theory, Techniques, and
Applications (Birkhauser, 2007)



Asymptotic analysis (brief summary)

Boltzmann eq. of 1
(dimensionless) §: X ZJ(fv f)

+ BC [e = (V/7/2)Kn <« 1]

® Fluid-dynamic solution
f=foy+ fiye+ fize° + ... (Hilbert expansion)

Macroscopic quantites (h = p, v, T, ...)
h = hoy + hye+heoye” + ...

Sequence of integral equations <=—= [Boltzmann eq.}

&> {Solutions foy f1ys f2)s -
Constraints for h(oys P(1)> P(2)s -

Fluid-dynamic equations




m Knudsen layers O(l)\é”ﬂ

f=7fu+fk
F-Dsol.< Knudsen-layer correction
Il

Half-space problems of
linearized Boltzmann equation

K - Y

Constraints on boundary values of fg

(h(0)s h(1)s h(2) ---)
E> Boundary conditions for

fluid-dynamic equations
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Types of F-D system (egs. + bc) are different
depending on physical situations



Parameter relation m.f.p  characteristic length

N, 7
Kn: Knudsen num., Kn=1[1/L, Kn<1

Ma: Mach num., Ma=wv/a [a= (5RT/3)1/2]
charct. speed AN sound speed

Re : Reynolds num., Re = pvL/u

charct. density ~ VIScosity

Ma = const x Kn - Re (temp. & density

variations)

e RekK1l (Mak<Knk1l) small Stokes

e Re~1 (Ma~Kn<1l) (small Incomp.N-S
{ large Ghost effect

c Re>»>1 (Ma~1) large Euler
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Sone (1969, 1971), RGD6, RGD7
Sone (1991), Advances in Kinetic
Theory and Continuum Mechanics

Re<1l (Mak<Kngkl)

Small temperature & density variations ~ Ma

Starting point: Linearized Boltzmann eq.

p=po(l+w), T=To(l+7), p=0po(1+ P)
VvV = (QRTb)l/QU
5 h=w, T, P, U
= b - daye - e o= e = (Vm/2)Kn
F-D egs. VP =0 Stokes system
\VAR Ui,y = 0, VP(m_|_1) — ’YlAu(m)
AT(m) =0 (m=0,1,2..)

e -+ 0 Stokes limit Golse & Levermore (2002) CPAM 55, 336



F-D egs. VP

VU(m) = 0}, VP(m+1)

Stokes system

BC
e : U(O) = Uy, T(0) — Tw
No-slip condition
et uggy-n=0,
ou, ou ; o0
U(l) -t = —kp ( 8%(0) I J(O)) ‘n,?;tj — K4 (0 ﬁj,
37‘(0)
T(l) — d]_ 3:1;3 nj

Slip condition —kg, —Kq, d1 (> 0) slip coefficients



E]'Z

Yy n =0
Uyt = —ko ( am(j) | a”; )) nit; — Ki
67‘ 0
T(l) =d1 a; 'n,j
J
u Thermal
(©) creep
V’T(O)
U?
Shear ’er
slip
U(2)'n=---, u(2).t=...’ 7-(2)=...

Effects of curvature, thermal stress, ...

67‘(0)

8:cj

tj

Temp.

jump



Thermal creep

slow

-VT

\/

/x

Gas at rest

fast

(no pressure gradient)

-VT

\
N\

Diffuse reflection: isotropic
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Re~1 (|\/|a ~ Kn <« 1) Sone, A, Takata, Sugimotq, &
Bobylev (1996), Phys. Fluids 8,

628

Large temperature & density variations ~ 1

Ghost effect Example
Defect of classical
fluid dynamics _
g Tw(X)

* Boltzmann equation (hard-sphere molecules)
 Diffuse reflection
« Boundary at rest, no flow at infinity
(more generally, slow motion of boundary
and slow flow at infinity can be included)



Dimensionless variab

Boltzmann equation

es (normalized by Ty, po, L

[e = (V/7/2)Kn <« 1]

)

cﬁ _1 J(f, f) ¢ . dimensionless
X ¢ molecular velocity
Boundary condition
__ ow _ICF .
f—(ﬂTszexp( Tw)’ (¢-n>0)

7

w=(7)" [ gt

Formal asymptotic analysis

for e~ KN K1




Fluid-dynamic-type equations

Hilbert solution (expansion) [0f/0x = O(f)]

f=1Fo) T fa)ye+ f(2)€2 + ...
Macroscopic quantities (h =p, v, T, ...)

h = hoy + hye+heye” + ...

Sequence of integral equations <=—= [Boltzmann eqs.}

J(f0) f0)) =0 of 1

C'— — — J(fv f)
of
2J(f(0y> f(1)) = ¢ E:)f) 2
O . m—1
2J(f0)s fm)) = ¢ f(ax e Zl J(f ey Fom—r)) (m 2>2)



J (¢, V)

J(b ) = = L1B(EIBEC) + 8¢

2 J¢.ER3 ec
— (€)Y () — #(C)(C)+]
XB(|V'e|a |V|)dQ(e)dC*:

B(|V-€|,|V]) = |V-e|/4V2r

('=(+H(V-e)e, (=(.~(V-e)e, V=(,~(



Sequence of integral equations

J(fc0y> f(0)) =0

af(m—l) m—1
2J(£0)> fm)) =6 — 5 Y. Iy fim—r)) (m>1)
r=1
Zeroth-order Solution: local Maxwellian
_ PO ¢ —voyl°
fo)y = exp | —
(0) (7 T(O))3/2 ( T(O)

Assumption

Vw =0 (Voo =0) Boundary at rest (No flow at infinity)
@ ' more generally, v,y = O(¢), Voo = O(e) ]

[ Vioy =0 , Consistent assumption




Higher-order

 9f(m-1)

2J(f(0y fm)) =€ —5

Linearized collision operator L(¢)
Homogeneous eq. has nontrivial solutions

foy: Cfoy 1¢1°foy <> Kernel of £(¢)

m—1
- Z J(f('r)? f(m—'r)) (m>1)
=l

Solution: fom) = £(0) (em(oy + Cm - € + em@aylC1?) + V()

U

Solvability conditions /(1, ¢ 1€12) Wy d¢ =0

O (-
1, ¢ ¢ ¢ =D ge =0
[a. ¢ ¢ =aRac=0 o fom Fety Fay o

Fluid-dynamic equations



([5=f5opa T =TT, p=pop, VZ(QRTo)l/QV)

= P) TPt |
— T(O) +T(1)€+ }

2
Po) TP(1)e TPy +--.
0O -+ V(l) e+ ... ) Tw(X)

< =8 N
|

Fluid-dynamic-type system for £¢0): Z(0), P(2)» V(1)

—~

v
(2RTp)/?

Ma = const x Kn +«Re

O(e) = v = O(Ma) |

- =) Re~ 1




F-D egs. P(g) = const, p(q) = const,

9P(0)%(1) _ oy = P(O)
333] ’ (O) T(O)
Jvi(1y _ 19p(p)
P(0)?5(1) 8:r:j - _5 ox;
10 1/2 (9vi1) | vy 20vi@a).
+2833J{ 714(0) ( Oz i ox; 3 Ox %
1 8 |

2
- . 8T(O) 8T(0) B l 8T(0) 5.
Qp(o) 3£Ej \ ox; 8:Ej 3 ox; g
1 9 | 02Tqy 12T
T ( © _ 1T, ”

_Qp(o) Oz _ dz;0x 3 6:1:l

0T, 1 O 0T,
(0) _ 1/2%+5(0)
P(0)%5(1) aa:j 23:1: (VQT(O) 8.:1: )

Y1, V2, V3, Y7 - const for hard-sphere molecules



Knudsen layer and slip boundary conditions

_ P 1<
fo) = (7 T(0))3/2 expP ( T(0)

can be made to satisfy BC at € if Loy = 1w

However, higher-order solutions

cannot satisfy kinetic BC ==> Knudsen layer



Solution: f = fg+ fx

i O(e) N
Hilbert solution  Knudsen-layer ’!’g@@

correction

Stretched normal coordinate 7)

X =enn(x1, x2) + Xw(x1, x2) X
X, = const

fK(na X1 X2 C)_>O (77_>OO) C”/ \ R =t
{fH—fH(o)‘|‘fH(1)€+ 4//—1

frk = Fr@yet -

Eq. and BC for  fr(1) = Half-space problem for
linearized Boltzmann eq.

fK(l) — (fH(o))w ¢



Knudsen-layer problem 7
7
0 ’
G2 = £(8) .
ol 7 .
710 L1

¢ = co~+ colo + ca3l3+ cq|C|? + h(E),
RN O & (>0, 2,=0),

Undetermined consts.
¢ — Oa (213]_ — OO)

Solution ¢ exists uniquely iff co, €2, €3, C4
take special values

g
PN
i
Boundary values of fg
Grad (1969) Conjecture (h(0y> (1) R(2)s -
Bardos, Caflisch, & Nicolaenko (1986). CPAM

Maslova (1982), Cercignani (1986)
Golse, Poupaud (1989)



Thermal creep

Thermal creep flow caused by
large temperature variation

Flow caused by thermal stress
Galkin, Kogan, & Fridlander (71)



Example Thermal creep flow in 2D channel
with sinusoidal boundary and with
sinusoidal temperature distribution

. (27
Tw =T7—.ef_TCs|n L

Dyt = 5 Numerical sol. by finite-

- volume method

Laneryd, A, Degond,

Some results for

hard-sphere molecules

"

& Mieussens (2006), RGD25

( /Dyt = 0.2
L/Dyos = 2

| To/Trer = 0.5



( d/Dyer = 0.2
1.0 $ L/Dref =2

| To/Tret = 0.5
0.0

0.0 1.0 2.0
Arrows - g y
V:O—I-@e—l—... V= ~ Ma
\/QRTm f

A type of Knudsen pump

One-way flow with pumping effect



( d/Dyes = 0.2
L/Dyes = 2
| T/ Tret = 0.5

A type of Knudsen pump

One-way flow with pumping effect



( d/Dyer = 0.2
{ L/Dyes =2
| T/ Tret = 0.5

- Isothermal
lines

/
T=+T(1)e—|—...

~

T
I'=

ref




Sone, A, Takata, Sugimoto, &

Re~1 (Ma~Kn<«1) Bobylev(1996), Phys. Fluids 8,
628

Large temperature & density variations ~ 1

Ghost effect  Defect of classical fluid dynamics

p=pop, T =ToT, p=pop,
vV =

(2RTo)*/?v T (X)
P p(O)__ p(1)€ T PO | 0
= T(O)“ T(l)e_l____'_f__'___ — 1) L | Fluid-
p = Po) +Pm)tr2) <+ = Po) || dynamic
v = O —-V(1)§€-|—- — 0 ] |limit

F-D system for Pe0)s (0): P(2), V(1)



F-D egs. P(g) = const, p(q) = const,
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10 1/2 (9vi1) | vy 20vi@a).
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1 8 |

2
- . 8T(O) 8T(0) B l 8T(0) 5.
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Y1, V2, V3, Y7 - const for hard-sphere molecules



Thermal creep




Continuum (fluid-dynamic) limit

P(0) T P(1)€ 4+ ...

<8 N
|

0] ——V(l)G—I—...

Py T P(1)c T P2yt

e — 0

— P(0)
— T(O)

— P(0)
— 0

The flow vanishes; however, the temperature field is still

affected by the invisible flow

Ghost effect

Navier-Stokes system  y — ., p = const

T . steady heat-conduction ed.
« + No-jJump cond.

Defect of Navier-Stokes system

8£Uj 833j



References for ghost effect

Single gas:
Sone, A, Takata, Sugimoto, & Bobylev (1996), Phys. Fluids 8, 628
Sone, Takata, & Sugimoto (1996), Phys. Fluids 8, 3403
Sone (1997), Rarefied Gas Dynamics (Peking Univ. Press), p. 3
Sone (2000), Ann. Rev. Fluid Mech. 32, 779
Sone & Doi (2003), Phys. Fluids 15, 1405
Sone, Handa, & Doi (2003), Phys. Fluids 15, 2904
Sone and Dol (2004), Phys. Fluids 16, 952
Sone & Doi (2005), Rarefied Gas Dynamics (AIP), p. 258

Gas mixture:
Takata & A (1999), Phys. Fluids 11, 2743
Takata & A (1999), Rarefied Gas Dynamics (Cepadues), Vol. 1, p. 479
Takata & A (2001), Transp. Theory Stat. Phys. 30, 205
Takata (2004), Phys. Fluids 16
Yoshida & A (2006), Phys. Fluids 18, 087103



[ d/Dyes = 0.2
L/Dyos = 2
| Te/Tret = 0.5

.

Arrows -
VvV = O—I—(::>e—|—...
— 0
Isothermal lines
/
T=—|—T(1) €—|—
— T(O)

—— . asymptotic

—————— : N-S




