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What is model theory?

Model theory is about the classificaion of mathematical structures, maps
and sets by means of logical formulas. ...
In 1973 C. C. Chang and Jerry Keisler characterized model theory as

universal algebra plus logic.

They meant the universal algebra to stand for structures and the logic to
stand for logical formula.
...
Also it leaves out the fact that model thoerists study the sets definable in
a single structure by a logical formula. In this respect model theorists are
much closer to algebraic geometers, who study the sets of points
definable by equations over a field. A more up-to-date slogan might be
that model theory is

algebraic geomety minus fields.

-p.7 A Shorter Model Theory, W. Hoges, 1997
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Language, formula, and structures

DEFINITION

(1) A language L is a set of relation symbols, function symbols, and
constant symbols.
(2-1) The L -terms is the smallest set of constants and variables closed
under functions.
(2-2) The atomic L -formulas are s = t or P(t1, · · · , tn) for
s, t, ti ∈ L -terms.
(2-3) The L -formulas is the smallest set of atomic formulas and its
boolean combination with quantifiers.
(3) An L -structure, M is a tuple,(M; PM

i ; f M
j ; cM

k ), that is, a
L -structure consists of underlying set, and the interpretations of
relations, functions, and constants.

DEFINITION

Given an language, L and an L -structure, M , a subset A ⊂ Mn is
definable if there is a L -formula, φ(x̄ , ȳ) and c̄ ∈ Mm such that
φ(M, c̄) = A.
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Language, formula, and structures

EXAMPLE

Consider the ordered ring language, Lor = (+,−, ·;<; 0, 1) and two
structures, (R; +,−, ·;<; 0, 1) and (Q; +,−, ·;<; 0, 1).
Then, x + 1 + y 2 is a term and ¬∃y(x + 1− y 2 = 0)↔ (x + 1 < 0) is a
formula.
And Q is not definable in (R; +,−, ·; 0, 1).
(Why? in model theory, it is a well-known fact that any definable set in
(R; +,−, ·; 0, 1) is a boolean combination of polynomial inequalites.)

NOTE

In (R; +,−, ·;<; 0, 1), the completeness of R, ”any upper bound subset
of R1 has the least upper bound.” cannot be expressed. Why? we cannot
quantify for subsets.
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Theory and Its examples

DEFINITION

(1) An L -sentence is an L -formula with no free variables.
(2) An L -theory is a set of L -sentences.
(3) Let F be a family of L -structures and T be an L -theory. We say
that T axiomatizes F if F is the family of L -structures where T holds.
And F is axiomatizable if such T exists.

EXAMPLE

(1) Consider the ordered ring language, Lor = (+,−, ·;<; 0, 1) and an
Lor -structure, (R; +,−, ·;<; 0, 1). Then, φ = ∃x(x2 + 2 = 0) is a
sentence but ψ(x) = x2 + 2 = 0 is a formula but not a sentence. And
Th(R) = the set of sentences which hold in R is a theory.
(2) The group axioms,
(i) ∀x(x · e = e · x = x)
(ii) ∀x∃y(x · y = e)
(iii) ∀x , y , z(x · (y · z)) = ((x · y) · z)
is also a theory.
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Theory and Its examples

EXAMPLE

(1) Stable theory : ACF, SCF, ADCF, vector space
(2) Simple theory : Bounded PAC fields, The random graph
(3) o-minimal theory : RCF, the collection of semilinear sets in R
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o-minimal structures

DEFINITION

Let L be a language which contains order relation, <, and let M be a
L -structure. Then We call M an o-minimal structure if any definable
set in M 1 is a finite union of intervals or points.

EXAMPLE

1. The real field, (R; +,−, ·;<; 0, 1) is a o-minimal structure.
2. In general, any real closed field, (F; +,−, ·;<; 0, 1) is a o-minimal
structure.(So, the real clsorue of Q in R is also o-minimal but not equal
to R.)
3. The real field with exponential function, (R; +,−, ·;<; 0, 1; exp()) is
o-minimal but the real field with sine function, (R; +,−, ·;<; 0, 1; sin())
is not o-minimal(why? sin(x)=0 defines the set {nπ : n ∈ Z}.)
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o-minimal groups and fields

THEOREM

Any o-minimal ordered group, R is abelian, divisible and torsion free.

Why? First, only definable subsets of R that are also subgorups are {1}
and R. And for each r ∈ R,Cr := {x ∈ R : rx = xr} is a definable
subgroup and for each n > 0, the subgroup {xn : x ∈ R} is definable.

THEOREM

Any o-minimal oredered field, F is a real clsoed field.

So, Q is not o-minimal.
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Definable maps and sets in o-minimal structure

Fix an o-minimal structure, R = (R;<; · · · ).

THEOREM

(Monotonicity theorem) Let f : (a, b)→ R be a definable function on the
interval (a, b). Then there are points a1 < · · · < ak in (a, b) such that on
each subinterval (ai , aj), with a0 = a, ak+1 = b, the function is either
constant, or strictly monotone and continuous.
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Definable maps and sets in o-minimal structure

For each definable set X in Rm,
C (X ) := {f : X → R : f is definable and continuous}, and
C∞(X ) := C (X ) ∪ {−∞,+∞}.
For f , g ∈ C∞(X ), we write f < g if f (x) < g(x) for all x ∈ X , and in
this case we put
(f , g)X := {(x , r) ∈ X × R : f (x) < r < g(x)}

DEFINITION

Let (i1, · · · , im) be a sequnce of 0 and 1 of length m. An (i1, · · · , im)-cell
is a definable subset of Rm obtained, recursively as follows:
(i) a (0)-cell is a point, and an (1)-cell is an interval;
(ii) given an (i1, · · · , im)-cell, X , an (i1, · · · , im, 0)-cell is the fraph γ(f )
of a funtion f ∈ C (X ), and an (i1, · · · , im, 1)-cell is a set (f , g)X where
f , g ∈ C∞(X ) and f < g.

11 / 41



Inroduction to Model Theory o-minimal structures Specific examples of o-minimal structures

Definable maps and sets in o-minimal structure

DEFINITION

A cell-decompostion of Rm is a partition of Rm into finitely many cells
defined recursively on m:
(i) a cell-decompostion of R1 is a collection
{(−∞, a1), (a1, a2), · · · , (ak ,+∞), {a1}, · · · , {ak}}
where a1 < · · · < ak .
(ii) a cell-decomposition of Rm+1, A is a finite partition of Rm+1 into
cells such that the set of projections π(A) is also a cell-decompostion of
Rm.

THEOREM

(Im) Given any definable sets A1, · · · ,Ak ⊂ Rm there is a
cell-decompostion of Rm partitioning each of A1, · · · ,Ak .
(IIm) For each definable function f : A→ R, A ⊆ Rm, there is a
cell-decomposition D of Rm partitioning A such that the restriction
f |B : B → R to each cell B ∈ D with B ⊆ A is continuous.
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Definably complete structures

Fix a language L = {+,−, ·, <, 0, 1, . . . } which is an expansion of the
language of ordered rings.

DEFINITION

An ordered field, K is called a definably complete structure if every
definable subset of K which is bounded from above, has a least upper
bound.

REMARK

The class of all definably complete structures in a given language L is
recursively axiomatizable, with the following axioms:
(1) ORDERED FIELD = Field Axioms + Linear order Axioms +
Compatibility
(2) DEFINABLE COMPLETENESS
For every L -formula φ(x̄ , y) in n+1 variables,
∀x̄(∃z∀y(φ(x̄ , y)→ y ≤ z)
→ (∃z(∀y(φ(x̄ , y)→ y ≤ z) ∧ (∀yt(φ(x̄ , y)→ y ≤ t)→ z ≤ t))

13 / 41



Inroduction to Model Theory o-minimal structures Specific examples of o-minimal structures

Definably complete structures

EXAMPLE

Let L be the language of ordered ring, L = {+,−, ·, <, 0, 1}.
(1) Let R be the real number field as L -structure. Then R is a definably
complete structure and o-minimal.
(2) Let QDCS be the smallest definable complete structure containing Q
in R. Then QDCS ⊂ R but QDCS 6= R.

NOTE

Every o-minimal expansion of an ordered field is a definably complete
structure. But the converse is not true; for example, Rsin is a definably
complete structure but not o-minimal.
And any definably complete structure is also real closed field.

14 / 41



Inroduction to Model Theory o-minimal structures Specific examples of o-minimal structures

Definably complete structures

Fix an ordered field, K which is a definably complete structure and give
an order topology, T on K.

DEFINITION

For a definable set A, give the subtopology on A. We say that S is a
definable clopen of A if S ⊂ A is a definable subset which is open and
closed in A. Clearly, the collection of all definable clopen subset of A is a
boolean algebra B(A) of sets.

DEFINITION

Let X ⊆ Kn. Let cc(X ) be the number of definable connected
components of X and γ(X ) be the least k ∈ N such that for every affine
set L ⊆ Kn, cc(X ∩ L) ≤ k with the convention γ(X ) =∞ if such k
does not exist.
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Definably complete structures

NOTE

(1) Let A be a definable set. Then, any definably connected component
of A is a definable clopen of A.
(2-1) K is o-minimal if and only if for every definable set X , X has
cc(X ) <∞
(2-2) If B(A) is finite for any definable set, A ⊂ K, then K is o-minimal.
(3) For any definable subset X , cc(X ) ≤ γ(X ).

We will find conditions for K which make for every definable subset X ,
γ(X ) <∞.
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Definable closure and Charbonnel closure

DEFINITION

Fix a definable complete structure, K. Let Sn be a collection of subset of
Kn and S = 〈Sn|n ∈ N〉.
(1) The definable closure of S, Def(S) is the smallest collection of sets
closed under boolean combination, linear projection, and containing S.
(2) The Charbonnel closure of S, Ch(S) is the smallest collection of
sets closed under boolean combination, linear projection, and containing
S, but instead of complementation, one takes the topological closure.
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Definable closure and Charbonnel closure

NOTE

(1) Ch(S) ⊆ Def(S) since the topological closure is definable.
(2) Ch(S) = Def(S) if and only if Ch(S) is closed under
complementation.

What will we do?
Under suitable assumption on S , we will show
(1) For every X ∈ Ch(S), we have γ(X ) <∞.
(2) Ch(S) is closed under complementation.
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DEFINITION

(1) Given S = 〈Sn : n ∈ N〉, we say that S is a W-structure if for all
n ∈ N,
•W(pol) : Sn contains every subset of Kn defined as the zero-set of a
system of finitely many polynomials with coefficients in Z;
•W(perm) : If A ∈ Sn, then

∑
[A], where

∑
: Kn → A is a linear

bijection induced by a permutation of the variables;
•W(∩) : If A,B ∈ Sn, then A ∩ B ∈ Sn;
•W(×) : If A ∈ Sn and B ∈ Sm, then A× B ∈ Sn+m.

We say that a W-structure is o-minimal if for every n ∈ N and A ∈ Sn,
we have γ(A) <∞.
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DEFINITION

(2) Let S be an o-minimal W-structure. The Charbonnel closure,
S̃ = 〈S̃n|n ∈ N〉 of S can be obtained as follows:
•Ch(base) : S̃n is a collection of subsets of Kn containing Sn;
•Ch(∪) : If A,B ∈ S̃n, then A ∪ B ∈ S̃n;
•Ch(∩l) : If A ∈ S̃n and L ⊂ Kn is the zero-set of a system of linear
polynomials with coefficients in Z, then A ∩ L ∈ Sn. We call such an L a
Z-affine set;
•Ch(π) : If A ∈ S̃n+k and Πn+k

n : Kn+k → Kn is the projection onto the
first n coordinates, then Πn+k

n [A] ∈ S̃n;
•Ch(x̄) : If A ∈ S̃n, then A ∈ S̃n, where A is the topological closure of A.
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REMARK

It is not in general clear that S̃ is a W-structure. But for this, it is
enough to show that S̃ satisfies W(∩) and W(×), since S̃ contains S(i.e.
W(pol) holds) and a permutation of the variables commutes with the
union, intersection, projection and the closure(i.e. W(perm) holds).
Indeed if S is closed(i.e. for any A ∈ Sn, A is closed) o-minimal, then S̃
is a o-minimal W-structure.
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THEOREM

Let S be a closed o-minimal W -structure. Then S̃ is an o-minimal W -structure.

From now on, we assume that S is a closed o-minimal W-structure.

Sketch of proof.
We will define a rank on S̃ and we will prove this by induction on the rank.

DEFINITION

Fix a Charbonnel closure of W-structure, S̃ .
Define the pre-rank, ρ(A) for A ∈ S̃ , recursively as follows:
(1) If A ∈ S, then ρ(A) = 0;
(2) For A,B ∈ S̃ , ρ(A ∪ B) = 1 + max{ρ(A), ρ(B)};
(3) For A ∈ S̃ and Z-affine set L, ρ(A ∩ L) = 1 + ρ(A);
(4) For A ∈ S̃ , ρ(Πn+k

n [A]) = 1 + ρ(A);
(5) For A ∈ S̃ , ρ(Ā) = 4 + ρ(A).

For A ∈ S̃ , ρ(A) may not be unique.
Define the rank ρ(A) for A ∈ S̃ as the least pre-rank of A.
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step1. S̃ is a W-structure.

By above remark, enough to show that
(1) For X ∈ S̃n and Y ∈ S̃m, X × Y ∈ S̃n+m and
(2) For X ∈ S̃n and Y ∈ S̃n, X ∩ Y ∈ S̃n

Moreover, ρ(X × Y ) ≤ ρ(X ) + ρ(Y ) and ρ(X ∩ Y ) ≤ 2 + ρ(X ) + ρ(Y ).

(1) Use induction on ρ(X ) + ρ(Y ).
case 1. ρ(X ) + ρ(Y ) = 0
trivial.
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case 2. ρ(X ) + ρ(Y ) = n + 1 assuming it holds for ρ(X ) + ρ(Y ) ≤ n

subcase 1. X = (A ∪ B)
Use X × Y = (A× Y ) ∪ (B × Y ) and ρ(A× Y ),
ρ(B × Y ) < ρ(A ∪ B) + ρ(Y )

subcase 2. X = (A ∩ L)
Use X × Y = (A× Y ) ∩ (L×Kn) and L×Kn is Z-affine.

subcase 3. X = Πm+k
m [A]

Use X × Y = Πm+n+k
m+n [A× Y ] and ρ(A× Y ) < ρ(X × Y ).
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subcase 4. X = Ā for A ∈ S̃
We may assume Y is in S or has the form B̄ by subcase 1 3.
For any case, Y is closed since S is closed.
Then, Ā× Y = ¯A× Y .
Since ρ(A) + ρ(Y ) < ρ(Ā) + ρ(Y ), A× Y ∈ S̃ .
So, by Ch(x̄),X × Y = Ā× Y ∈ S̃ .

(2) X × Y = Π2n
n [(X × Y ) ∩∆] where ∆ = {(x̄ , x̄) : x̄ ∈ Kn} and ∆ is

Z-affine.

(3) It is from simple computations of pre-rank.
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step2. S̃ is an o-minimal structure.

We will show that γ(A) <∞ for A ∈ S̃n.

Use induction on the rank of A and the following facts:
(1) γ(B ∪ C ) ≤ γ(B) + γ(C ) ;
(2) If L is Z-affine, then γ(B ∩ L) ≤ γ(B) ;
(3) γ(Πn+l

n [B]) ≤ γ(B) ;
(4) There is a polynomial p such that for any B ∈ S̃n,
γ(B̄) ≤ γ((B ×Kn+2 ) ∩ E ),
where m = n2 + n and E is the semi-algebraic set,
{(x̄ , ȳ ,R, ε) ∈ Kn + m + 2 : |p(x̄ , ȳ)| < ε2 ∧

∑n
i=1 x2

i < R}, and p is a
polynomial with coefficients in Z with the property that every subset of
Kn defined by a system of linear polynomials over K is of the form
{x̄ : p(x̄ , ȳ) = 0} for a suitable ȳ .
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By fact (1), (2), and (3), enough to show that γ(B̄) <∞ for B ∈ S̃ .

By computation of rank, ρ((B ×Kn+2 ) ∩ E ) < ρ(B̄) and by induction,
γ(B̄) <∞.
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DSF and Cell-decomposition

DEFINITION

We say that S is determined by its smooth function(simply, DSF) if
given a set A ∈ Sn, there exist k ∈ N and a C∞ function fA : Kn+k → K
whose graph lies in S, such that A = Πn+k

n [fA = 0].

Fix a W -structure S which is DSF.

THEOREM

Let n ≥ 1 and let S be a closed o-minimal W -structure which is DSF.
Then, given a closed set A ∈ S̃n, there exists a closed set B ∈ S̃n such
that B has empty interior and ∂A ⊆ B.

THEOREM

Let n ≥ 1 and supposed D ∈ S̃n is a cell. Gieven a finite collection
A = {A1, · · · ,Am} of subsets of D which are closed in D and lie in S̃n,
there exsists a cell decomposition D of D partitioning each set of A .
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DSF and Cell-decomposition

THEOREM

Let S be a closed o-minimal W-structure which is DSF. Then, S̃ is closed
under complementation.

Why? Let A be in S̃ and B be a set in S̃ which detects the boundary,∂A.
And take a cell-decompostion which partitions B.

NOTE

Any definable closure of S, where S is a o-minimal W-structure which is
DSF, is o-minimal and Def(S) = Ch(S).

29 / 41



Inroduction to Model Theory o-minimal structures Specific examples of o-minimal structures

DEFINITION

Let G ∈ C∞(Kn,Km).
We define the variety of G as the zero-set of the map G :
V (G ) = {ā ∈ Kn : G (ā) = 0̄}.
Let g1, . . . , gm ∈ C∞(Kn,Km) be the components of G ,
i.e. ∀x̄(G (x̄) = (g1(x̄), . . . , gm(x̄))). Then V (G ) = V (g1) ∩ · · · ∩ V (gm)
; we will often write V (g1, . . . , gm) instead of V (G ).

DEFINITION

For n,m ∈ N and G = (g1, . . . , gm) ∈ C∞(Kn,Km).
(1) Let ā ∈ V (G ) be a point such that the the differential map,
DG (ā) : Kn → Km is surjective.
Then we say that ā is a regular point of G . The set of regular zeros of
G (for short, the regular set of G ) is denoted by V reg (G ).

(2) We say that V (G ) is a regular variety if V (G ) = V reg (G ).
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Noetherian differential rings and Khovanskii rings

DEFINITION

For n ∈ N, we call a ring M ⊆ C∞(Kn,K) a noetherian differential ring if
(a) M is noetherian ;
(b) M is closed under partial differentiation ;
(c) M ⊇ Z[x1, . . . , xn].

DEFINITION

(1) Let M ⊆ C∞(Kn,K) be a noetherian differential ring.
We call M a Khovanskii ring if
∀g1, . . . , gn ∈ M |V reg (g1, . . . , gn)| < ω where for a set X ⊆ Kn|X | is the
cardinality of X .

(2) Let {Mn|n ∈ N} be a collection of rings. We call {Mn|n ∈ N} a collection
of Khovanskii rings if
(a) Mn ⊆ C∞(Kn,K) ;
(b) Mn is a Khovanskii ring ;
(c) Mn ⊂ Mn+1 (in the obvious sense) ;
(d) Mn is closed under permutation of the variables.
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Finiteness of B(V (F ))

Cutting transversally the clopen subsets of V (f1, . . . , fm)

LEMMA

Fix n,m ∈ N, m ≤ n − 1. Let M ⊆ C∞(Kn,Km) be a Khovanskii ring
and let f1, . . . , fm ∈ M be such that V (f1, . . . , fm) is a regular variety.
Then there exists a definable set G such that:
(1) ∅ 6= G ⊂ V (f1, . . . , fm) ;
(2) For every clopen definable subset S of V (f1, . . . , fm), the intersection
S ∩ G is not empty;
(3) ∀x̄ ∈ G∃h ∈ M(x̄ ∈ V reg (f1, . . . , fm, h)).
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Finiteness of B(V (F ))

THEOREM

Fix n,m ∈ N, m ≤ n − 1. Let M ⊆ C∞(Kn,Km) be a Khovanskii ring
and let f1, . . . , fm ∈ M be such that V (f1, . . . , fm) is a regular variety.
Then there exists a definable set G such that:
(1) ∅ 6= G ⊂ V (f1, . . . , fm) ;
(2) For every clopen definable subset S of V (f1, . . . , fm), the intersection
S ∩ G is not empty;
(3)
∃l ∈ N∃h1, . . . , hl ∈ MG ⊂ V reg (f1, . . . , fm, h1)∪· · ·∪V reg (f1, . . . , fm, hl).

Sketch of proof.
Let G be the definable set in above thm and F = (f1, . . . , fm).
Consider the set of formulas,
Φ = {φh := (x̄ ∈ G ∧ x̄ /∈ V reg (F , h)) : h ∈ M}.
And apply compactness to Φ in L where L is an elementary extension of
K which is K-saturated.
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Finiteness of B(V (F ))

COROLLARY

Let {Mn|n ∈ N} be a collection of Khovanskii rings. Then for all
n,m ∈ N and F ∈ (Mn)m, the boolean algebra B(V (F )) is finite.

NOTE

For any regular variety, V , B(V ) is finiete.

Therefore, V (F ) has a finite number of definably connected components
because a connected component is minimally clopen in V (F ).

Let {Mn : n ∈ N} be a collection of Khovanskii ring and S be the
collection of the varieties of {Mn : n ∈ N}. Then, S is a closed o-minimal
W-structure. So, the Charbonnel closure of S , Ch(S) is also an
o-minimal W-structure.
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REMARK

Fix n,m ∈ N, m ≤ n. Let M ⊆ C∞(Kn,K) be a noetherian differential
ring and let F ∈ Mm. Then the set of regular zeros of F can be expressed
as the projection of a finite union of regular varieties by the following way:

Let E1(x̄), . . . ,E`(x̄) be the maximum rank minors of the differential
map, DF (x̄). Now consider Vi := V (F (x̄), xn+1 det Ei (x̄)− 1). Then Vi

is a regular variety of Kn+1 and πn+1(∪`i=1Vi ) = V reg (F ), where πn+1 is
the projection onto the first n coordinates. Moreover, if M = Mn belongs
to a collection of Khovanskii rings, then (F (x̄), xn+1 det Ei (x̄)− 1)
belongs to Mn−k+1

n+1 .

By the above remark, S is DSF. Thus Ch(S) = Def (S).
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EXAMPLE

Khovanskii ring over the real numbers
(1) The ring, R[x1, . . . , xn, exp(x1), . . . , exp(xn)].
(2) The ring,
R[x1, . . . , xn, exp(x1), . . . , exp(xn), exp(exp(x1)), . . . , exp(exp(xn))].
The same clearly holds if we consider up to k iteration of exp, for k ∈ N.
(3) The ring generated by x1, . . . , xn and a Pfaffian chain of functions
over R.
(4) The ring generated by exp( 1

1+x2 ), sin( 1
1+x2 ), cos( 1

1+x2 ) and x over R.
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Some results and open problem

THEOREM

In (R; +,−, ·;<; exp), any definable set is a positive boolean combinations and
projections of zeros or inequality zeros of p(xi , exp(yj), where p(Xi ,Yj)’s are
polynomials.

COROLLARY

In (R; +,−, ·;<; exp), any definable set is a positive boolean combinations and
projections of zeros of p(xi , exp(yj), log(zk)), where p(Xi ,Yj ,Zk)’s are
polynomials.

Why? log(x) = y is equvalent to x = exp(y), and x < y is equvalent to
∃z(y − x = z2), and ¬(x = y) is equvalent to (x < y) ∪ (y < x).

THEOREM

For any m, n ∈ N, there are only finitely many homeomorphism types among
Z (f ), where f (X1, · · · ,Xn) ∈ R[X1, · · · ,Xn] has at most m monomials.

Why? f (X ) =
∑m

i=1 aiX
αi where ai ∈ R, αi = (αi1, · · · , αin) ∈ Nn, and

Xαi = Xαi1
1 · · ·Xαin

n . And xy = exp(y log(x)). So, Z (f )(X , ai , αj) is a
definable set in Rm+mn × Rn.
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Some results and open problem

We know that Th(R; +,−, ·;<; exp) is o-minimal.
Then we can ask,
1. Can we find a recursive axioms for ”o-minimality”?
2. Can we axiomatize Th(R; +,−, ·;<; exp) recursively, or can we find a
recursive axiom?

NOTE

In 1930’s, A. Tarski proved that Th(R; +,−, ·;<) is o-minimal and
recursively axiomatizable.
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Some results and open problem

THEOREM

(A. Berarducci, T. Servi, 2004) There is a computable funcion
Γ : Formulas → N whose Γ(φ) bounds γ(X ) for X ⊆ Rn which is
defidned by a formula φ(x̄) in (+,−, ·;<; exp).

COROLLARY

In Th(R; +,−, ·;<), there is a recursively axiomatized subtheory Tomin

such that all the structures of Tomin are o-minimal.

THEOREM

(A. Macintyre and A. Wilkie, 1996.) Schanuel’s Conjecture implies that
Th(R; +,−, ·;<) is recursively axiomatizable.

Schanuel’s Conjecture : for λ1, · · · , λn ∈ C which are linearly
independent over Q, Q(λ1, · · · , λn, expλ1 , · · · , expλn) has transcendental
degree at least n over Q.
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Thank you for your attention.
special thanks to hun-hun
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