Existence of Weak Solutions to a Class of Non-Newtonian
Flows

1. INTRODUCTION AND STATEMENT OF THE RESULT.

Ladyzhenskaya [8].

Newtonian : Air, other gases, water, motor oil, alcohols, simple hydrocarbon compounds
— the Navier-Stokes equations

non-Newtonian fluids : molten plastics, polymer solutions, dyes, varnishes, suspensions, ad-
hesives, paints, greases, paper pulp and biological fluids like blood

Ladyzhenskaya model is the following:
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def r
Lij = (o + m|E(Vu)|") Eij(Vu),

difl 816@ 8uj
\EZ (V) = 5(8:1:]- " 8@)’

in @Q =< x (0,00),
the initial condition u(zx,0) = ug(x) for x € (2

Dirichlet boundary condition,
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E = (E;)

These models are called

[ Newtonian for pg >0, puy =0,
Rabinowitsch for po, 1 > 0, and r = 2,

{ Ellis for pg, 1 > 0, and r > 0,
Ostwald-de Waele  for pup =0, pg > 0, and r > —1,

KBingham for pg, 1 > 0, and r = —1.

For pg = 0, if » < 0 then it is a pseudo-plastic fluid,
and if » > 0 then it is a dilant fluid

the pseudo-plastic Ostwald-de Waele models:
for paper pulp p; = 0.418, r = —0.425,
for carboxymethyl cellulose in water p; = 0.194, r = —0.434.

Ladyzhenskaya, and Lions [9] for pg, 1 > 0 obtained the existence of the weak solutions
for r > % and their uniqueness for r > %

Lions [9] considered p-Laplace operator.

Bellout, Bloom and Necas [2] showed that for ug, g1 > 0, Young measure valued solutions

if € (—3, —+) and weak solutions if 7 € [, 00).



Approach to get the existence:

(1) Monotone operator theory

(2) the regularity method

(3) the truncation method

(4) the Lipschitz trucation method
o Monotone operator theory

Proposition 1.1. Let the spaces V' be a reflexive and separable Banach space with dual
V', and set V = LP(0,T;V) for 1 < p < oo, and its dual is V' = L (0,T;V"). Let H
be a Hilbert space, and we assume that V is a dense and continuously embedded in H.
Assume the operator A : V. — V' is given such that its realization in V is type M,

bounded and coercive with (Av,v) > al|v|]},. Then for each f € V' and uy € H there is
a solution w € V of the Cauchy problem

u'(t) + Au(t)) = f(t) in V', u(0) =uy in H.

A is type M if u,, — u, Au,, — f and lim sup(Auw,,, u,) < (f, u) imply that Au = f.
If A is hemicontinuous (¢ — A(u + tv) is continuous) and monotone then it is type M.

o the regularity method

2m7“—|—2 2, m|2
(1+ [|Vu™( //yv R A )

1—A (1+ [|Vum|?)?



o The L°°-truncation method is based on the strict monotonicity and on the construction
of a special test function belonging to L>(2 x (0,7T")) N LP(0, T Wdli’f (2). —steady case

(u™ — u) (1 — min (w 1)) with L > 0 small.

o the Lipschitz trucation method -steady case
Test function of the form

m

(u™ — w))y with A > 0 large enough,

where the notations 2" denotes such a Lipschitz truncation of 2™ so that 2" coincides with
2™ except for a small set AV

In Section 2, we consider the non-Newtonian equations in a weak form.

Galerkin method

In Section 3, we show that there exist weak solutions for » > —1.

In Section 4, we find that there is a strong solution locally in time if the initial data is
smooth enough.

Moreover, we estimate the Hausdorff dimension of singular time.



2. FORMULATION OF NON-NEWTONIAN FLOW
Let

Ve c)?: dive =0},

Vv def closure of V in W1,2(Q)37
vV, X closure of V in Wha(Q)?,

H Y closure of V in L*(Q)°.
V — H is compact.

The inner product of V is given by (Vu, Vo), where (-, -) is the usual inner product of H.
Let V and V be the dual spaces of V and V, respectively, where 1/¢ +1/¢' = 1.

def def
lull = Hlull2 = (u ),

def def 1/q
™ iy ([ Juptz) ™
def . 1/q

fulley ™ ([ 1Voulrdz) "

(Bu, v) o b(u, u,v),

b(u, v, w) o Z/ujajviwidx.
]

o the weak formulation for the problem (1.1):

where



For given f,uy with
ug € H,  and f € L*0,7:V),
find u with
we L0, T;H)NL*0,T; V)N L0, T; V,2), (2.1)
and satisfying that, for allv € V,, o NV,

d
£<u’ U> + F(VU, V’U) + b(uy u, U) — <f7 U>7

u(z,0) = ug(x),

(2.2)

where

['(Vu, Vo) = pol'o(Vu, Vo) + 111 (Vu, Vo),

and

o(Va, Vo) = 3 / (V) (Vo) de,

(Va, Vo) = 3 / E(V)[ (Vi) By (Vo) da.

[f the boundary condition is Neumann or periodic, then we can redefine the solution spaces
H,V,V,., corresponding to the boundary condition.

In case of the periodic boundary condition, we add the zero mean-value condition to the
definitions of H, V and V, .

o the Galerkin method to get the existence.

The energy estimate follows in a standard way:.



But the difficulty lies on showing compactness in L? and L*(0,T; V), for some s > 1.
With the compactness we can prove the strong convergence of the approximate convection
terms and the nonlinear viscosity terms.

Consider (2.2) on Qr 0 x [0, T, where T > 0 is fixed.
Let A be the linear operator V into V, the dual space of V, defined by

(Au, v) i (Vu, Vo), for all v € V.

Then A is an isomorphism from V onto V, and the restriction of A to W2(Q)?NV coincides
with the operator —A.

Furthermore, the operator A~! : H — H is self-adjoint and compact.

Hence there exists an orthonormal basis {w; : ¢ = 1,2,---} in H which consists of eigen-
functions of A:

Awiz)\iwi, D<A < <.,

For each m we define an approximate solution u™ of (2.2):

m def . m
W=y gl (wi(x)
(=1

and
(uy", wi) + T(Vu"™, Vwg) + b(u™, u™ wi) = (f, wy),
u™(0) = ug',
where
D(Vu™, Vwg) = polo(Vu™, Vwg) + 1 U (V™ Vg,
and u(' is the orthogonal projection in H of ug onto the space spanned by {wy, -+, w,, }.



Here the initial data of g}* satisfy g;"(0) = (uo,w¢). For convenience, we ignore the su-
perscript m of g;*. Then we have u}" = > /", g)(t)we(x), and d;u™ = >, | ge(t)0jwe(x).
Equation (2.3) becomes

92(1% wy,) + gegl<w£,jajwl,z‘, wlm> + (FZ-L, Eij(vwk» = ([, w), (2.5)
where

(U5 Eij(Vwr)) = poge(Ei(Vwe), Eij(Vwg)) + pge{|E™|" Eij(Vwy), Ei(Vwy)),
and £ = (EU(Vum))

Notice that (2.5) is a system of nonlinear ODE’s.

For the existence and uniqueness of solution of (2.5), we need the Lipschitz property of the
nonlinear terms of (2.5), which is easy to check.

Thus, there exists a unique solution of (2.5) locally.

In other words, for each m > 1, (2.5) has a maximal solution on some interval [0, t,,). If
tm < T, then ||[u™(t)|| — oo as t — t,,.

The following lemma shows that this does not happen, therefore ¢, = T.

Lemma 2.1. Assume that [ ||f||5 dt is bounded. Then we have

T T ,
sup a0 + o [ [9u" s+ [ Vs
0 0

O<t<T

T
< ClumO) +C / 1 113ds.



Korn’s inequality

1/s
1ol < o / (Vo) By (Vo)) (2.7)
Q
the generalized form of Korn’s inequality
Ey Ey(Vu) |
lull5, < c/ OB, (Vu) OB, (VU \™ ) i1 < s < o0, (2.8)
’ 0 aﬂfk aSL’k

From the above theorem, we have
uw™ € L0, T;H) N L*(0,T; V)N L0, T; V,.»).

Thus, we have a subsequence, still denoted by «™, which converges to u in L?(0,T; V)
weakly, in L"2(0,T; V,,2) weakly, and in L>(0,T; H) weak-star, as m — oo.

Take the limit to (2.3) in order to show the limit u is a weak solution.

Take the limit to the infinity for the first term of (2.3) and for the linear viscosity term I'y.

For the nonlinear third term of (2.3) we need the strong convergence of ™ in L*(0, T; H).

For the nonlinear viscosity term I', we need to find the corresponding weak limit of Vu'.

o The strong convergence of a subsequence u™ in L*(0,T;H) is known in the context of
Young measure theory for all r € (—1, 00).

Therefore we need only to show the strong convergence Vu'™ in L*(Qr) for some s > 1.

3. WEAK SOLUTIONS

For r > —%, the existence of weak solutions are shown in Bellout, Bloom and Necas [2].
We consider the periodic problem on 2 = [0, 1]".
We have obtained a Galerkin approximate solution u™ of (2.3) and (2.4).
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For the limiting process in the nonlinear viscosity term I'; of (2.3), we should justify that
for some u € L"(0,T; V,43) and for all ¢ € C§°(—o0,T; V),

// E(Vu™)[ By (Va™) By (V) dr dt — // E(Va)| Ey(Vu) By (Vo) dedt. (3.1)
Qr Qr

We have the facts
HumHLOO(O,T;H) <G, ||umHL2(0,T;V) <C.

If we can prove that Vu™ converges to Vu strongly in L*(Q7)**? for some s > 1, then
Vu" — Vu almost everywhere in Q7 and also

|E(Vu™)|"Vu™ — |E(Vu)|"Vu, a.e. in Qr.
Moreover, for all M C Qr,

r+1

T r+l
/ |E(Vu™)|[ ™ dx dt < C(/ /|E(vum)yf+2 dxdt) M| < O|M |,
M 0 Q

By applying the following Vitali’s lemma we obtain the convergence (3.1):

Lemma 3.1 (Vitali). Let G be a bounded domain in R" and f : G — R be integrable

for every m € N. Assume that lim,, .o f"(2) exists and is finite for almost all z € G,
and that for every € > 0 there exists 0 > 0 such that

sup/ " (2)]dz < €, for each M C G, |M| < 6.
M

meN

Then
lim /fm(z)dz:/ lim f"(z)dz.
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Therefore, we need the strong convergence of Vu'™ in L*(Qr)>*3 for some s > 1.
Aubin-Lyons compact embedding lemma:

Lemma 3.2. Assume that Yy, Y, Y, are Banach spaces with
Yo OV CY,

the injection being continuous and the injection of Yy into Y 1is compact, and Yy and Y,
are reflexive. Let T > 0 be finite, and let oy, 1 > 1 be finite numbers. Define the space
def . def

d
Y e 100, 7%, o & Zoe 170, TV},

whach 1s a Banach space with the norm

def }
[olly = 1ol zeo,r3g) + 10l zor0.1:v7)-

Then, the injection of Y into L*(0,T:;Y") is compact.

Vo &V AW22Q),

U the dual space of Vg, e W2(Q)P°NV.

We take Y = W1 2(Q)3 and Y; = U,

and we will find a number 0 < o < 1 and set Yy = Wt 2(Q)3,
Then, the embedding Yy <— Y is compact for » > —1 and for o > 0.
From now on, we prove that {¢} lies in ) for some ag, a; > 1.
The constants o, ay and «y will be determined later.
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Let P,, denote the orthogonal projection in H onto the space spanned by w;, - -+, wy,. We
remark that form =1,2,---,

Av = —P,Av = —Av, for all v € (wq, -+, wpy).

Lemma 3.3. Let oy be a constant such that 1 < aq < 2. Suppose that

T
| st < .
0
Then we have u"(t) € L*1(0,T;U) and

T
| nilya < c
0
for some C.

Proof. Observe that for v € Vy g,
ou™ ou™
G TG
oo = |G P

< ,uo’ / E”(Vum) Eij(Vva) dSC| + 11 / ]E(Vum)\rE”(Vum) Eij(Vva) dx
Q Q

—I—‘/u?@u? U dx‘ +‘/fz~vai dx
Q Q

L) Sy SVEY AN N

Note that
| Pnvllvy, < Cllvllv,,  forallve Va,.
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Since

ou™ (242
|5 1= s Fpae

vEV2 2 HUHV22

we need to estimate [;, 2 = 1,2, 3, 4.
Observe first that

5 1
I, (f ]Vum\gda:)g (f ’VPmU’6d$>B )
sup ——— < C' sup < C’(/]Vum\g dx)
veEV2,2 H/UHVZQ UEVQ’Q HUHVZ,Q

ST

Thus we have that

/OT(US% Hvﬁ’;g)sdtg/(/\wmy%dx)%sdtgc/(/\vnmfdf’?)%sdtgc’

where
1 <s<2. (3.2)
Observe secondly that
I E(NVU)"E;;(Vu™)), E;(VP,v
Sup 2 = sup ’<(’ ( )‘ ]( )) ]( )>‘ S CH’E(vum)‘r—HH
vEVa o HU”VQQ vEVa o HvHVZQ

By Holder’s inequality, we have

r+1
2

1
HE(Vu™)[+L| < c(/\vum|2<r+1> daz)2 < 0(/\vumy2dx)
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Thus we have that

s(r+1)

T
[ 5
/ (Sup - ) dt§C’(/ |Vum]2d:vdt) T o<,
0 “vEVay HUHV2,2

when
1 <s<
r+1
Observe thirdly that
12 % %
Iy (f\uﬂb’d:z:) (f\VPmU\6dx)

sup < sup

vEVa o HUHVQQ vEVa 9 ||UHV22

3 L
/]um\5+5d:c /]um\2d:€ 4 /\um\Gd:U) N <C(/]Vum\2d:€>

since u™ € L>(0,T; L*(2)). Thus, we have that

T
/ | Bu™||pdt < C, for 1 < s <4,
0

Finally notice that

Nol—

I, [ f{lw (f \Vva|2da;)

sup = Sup
UEVZQ ||UHV272 ’UGVQ’Q Hv||V2,2

< O fllw-

(3.3)

o

(3.4)



Therefore, if s satisfies the conditions (3.2), (3.3) and (3.4), that is, 1 < s < 2, and

/ Ifllsdt < C.

then we have

w" e L°(0,T;0).

Lemma 3.4. Suppose u € W?* for 1 < s < 2, then

/\VQu]deg 2(1i_r)/Q8k(|E(Vu)]TEij(Vu))ﬁkEij(Vu) d:U+C/|Vu]_%daz

for some C.

15



16

SKIP
Proof. Notice that for 0 < s < 2,

/ \VE(Vu)|*dx = / |E(Vu)| "2 |E(Vu)|? |VE(Vu)|*dz

2—s

/ \E(vu)r\VE(vu)y?dx ’ / yE(vu)\—%dg;)T

/\E V)"V E(

By Korn’s inequality (2.8) for 1 < s < 2 we have
/\v%\ dr < 2 /yE (Vu)l \VE(Vu)\zderC/]Vu\ P
Since
O (| E(Vu)|" Ey(Vu)) Ok Eiy(Vu) = 04 ((Bu(Vu) Ey(Vu)? Ej(Va)) 03By (V)
= |E(Vu)|"0LE;;(Vu) Op Eij(Vu) + r| E(Vu)| 2 Ey(Vu) 0y By (Vu) B (Vu) 0 Eij(Vu),

we have

1
E(Vu)lIVE(Vu)]* < 0 (IE(Vu)| Ey(Vu) O Ey(Vu).
Thus we complete the proof. ]

Taking s = r + 2, we have
2
/ |V2u|" 2z < 2(7"11 . / Ok(|E(Vu)|"Ei;(Vu))o,Eij(Vu) dx + C / Vu| dx.
Q
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We have from (2.5) with Awy, in the place of wy, that

d
aHVUmH2 + po(VE;;(Vu™), VE;(Vu™))
+ i (VIE""E;j(Vu™), VE;(Vu™)) + b(u™, u™, Au™) = —(f, Au™).

Thus, by the divergence free condition and Lemma 3.4 we have
LIV [ vy s ¢ [ 190 s
§/|Vum\3dx+0/]Vum|r+2dx+|<f,Aum>‘
§/\Vum\?’d:c—FC’/]Vum\r”d:c—ks_l/\f\Zda:—Fs/\Aum\de.
Taking e small, we have
d 2 2 2 2 m|2
v +c/\v e da:+C/]V P da
g/yvum|3dx+0/\vumV”dHO/\f\?daz.

—8,%um
(1+ [[Vum{]2)

Consider the inner product of (2.2) with

In the end X\ will be chosen as 2.

where A will be a number > 2.
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O(L+[[Vu ) C
2(1—N\) (1+ [ Va2

B / (5‘k(!EVE)8kE + \v2um\2) dx

1 / 3 2 2 2
< IVu™]” + | f|7 +e| Vu™ | da
(1+ [[Vum|)A )
Integrating with respect to ¢, we have
Oi(|E|" E)o,E V22
+ [Vu™ 1= A%—C’//[ T+ dx dt
S+ 9 1+ VPR T (T [V PR

\vumy3+\fy2+g\v2 m‘Z)d dt 1+ |[Va™(O) ). (3.5
// T+ g (L VO 65

Observe that

3
/wmﬁm—/yvmp g < /ywm% Z(/\Vum]e’daz
Vumzd:v % Viu deaz
|Vu™| | |



Thus, we have

//(1 + [V )V u" Pda di

/(1+ HVumH /’Vum|2 dx

/(“Wm|2d$> (JIV2u m\%zx)

1+ || Vum|? Lt ([ Va2

»-NC,O

</|V2 m|2daj

VS

o

</ (JIPuwpdn)t

(14 ||Vam||2) 7

T —

// V2 m|2 dgjdt—l—C/(l_|_ HVUmH2)3_Adt.
1+ [[Vum|?)

For A > 2,

T
/ (1+[|[Vu™||)*dt < C.
0

19
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Therefore, from (3.5) we have

(1 + [Vur( H ) [7 E|'|VEP [7 VE?
d dt d dt
2(1 - YO Trve s A1) G e

// 1+||V m{[2)A (‘f’ + €|V m‘>daz‘dt—|— 0 )\)<1—|-HVU ()H)

By Lemma 3.4, we have

1= A 20,7 +2 2, m|2
CHIVADE o [Ty
L+ [IVur?)r - 1+ [[Vur]]?)?

2 2, m|2 mr+2
/ \f\ +6\V R\ A
A7 [V PR =

(L+[[Va™(0)[")' ™ + C.

where

m|r+2
(1+ || Vum|?)

is used. Taking € small, we have

(1 + ||V (T)]]?) c/ V20|72 4 |22

dz dt
2(1 =) 1+ Va2

fI? | .
// 1+ Ve pp dHQ(l_A)(HHVu (O +C. (3.6)

For A > 2, we have

Y dedt + ~dzdt < C. (3.7)
// 1+HVU 12)* Hvu B




Observe that for 8 < r + 2,

/(/\VQUT”\T”dx)md

V2um r+2 9 .
:/(/(1’+Hvu’m”2) dm) (14 [|Vu™||)7 dt

r+2—6
)"

<cf / (1 4+ IV |2) =55 de
0

5 <1, then

/</|V2um|r+2d:€>%dt < C.

By the interpolation inequality, we have

If0<6<ZIfZ thatis

A+17 ’ +2

™ 1o < ™15, 0 1™ 11,5

r4+2—

V2 m‘r+2 T-?-? T O r+
T dx dt> </ (1+||VumHz)r+T9dt)
// (1+ [[Vum|2)* 0

2

0

21
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def 4o
A1

1
S e < [ a5 55 a

5‘7 1 039
/ a1, dt) / T )
0—sa

(1—0)s0
<o [l @)
We choose 6 = 2 Therefore, we have that

A1
J 1 it < €

For so < 6 = we have

if
sO(1 — o) <9
0—os —
that is,
2(r+2)

o= 20+ 0AN) +r(l—0)

We want to take s > 1. Hence we need the following condition
T+ 2
2N — 1

We may take such o and s. By Sobolev embedding, we have

W1+a,7’+2 C Wl,r—i—Q.

I<o<

(3.8)

(3.9)



Notice that
Wl,?”—i—Q C U

Hence we have
W1—|—U,T—{—2 C Wl,T—I—Q C U,

of which the first inclusion is compact.

23

Therefore, we can apply Lemma 3.2 where Yy = WHor+2 Yy — W2 and Y, = U, and

ap can be chosen by s which satisfies the conditions (3.8) and (3.9).
Hence the sequence {u™} is compact in LY(0, TV, 19).
So there exists a subsequence converging strongly in L (0, T; W1r2),
If we add one more condition on «q such that
ap <1+ 2,

that is,

2(r + 2) }
(I14+o0X)+r(l—0))
then, for such ag, Vu™ converges strongly in L*(Qr). For,

T ag
// Vu™ — Vu|* dr dt < / (/ Vu™ — V|t daj)m dt — 0
0 0

as m — (. Therefore, we have our main theorem on the weak solutions.

1<ozo<min{r+2, >
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Theorem 3.5 (Weak solutions). Let pg, 11 > 0. Let r € (=1, 00).

If up € H and fOT | f1I3 dt is bounded,
then there exists a weak solution uw € L®(0,T;H) N L*(0,T; V)N L™2(0,T; V,.2) to
(2.2) satisfying

// w;0r; dx dt + g // (Vu) - E(Vo)dx dt
Qr Qr

_// Ujuz'Vijidxdt—l—,ul // ’E(VU)’TE(VU)E(V@ A d
Cr QT

= /fz'cbz' dx dt,
for all p € C°(Qr) with V - ¢ = 0.
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4. STRONG SOLUTIONS AND TIME SINGULARITY

We first consider the short time existence of strong solutions. The short time existence for
smooth initial data can be proved as in the case of incompressible Navier-Stokes equations.
We refer to Section 3 in [14] for the proof. Indeed, the energy estimate (3.6) is the key step
and the remaining part is exactly the same as to the case of the incompressible Navier-Stokes
equations.

Theorem 4.1. Suppose that

def

A(0) /QH Vu(0)P dz < oo,

then there is a strong solution in (0,Ty), for all

C

Ty < .
"7 A0

We now estimate Hausdorft dimension of the set of singular times.

From now on, we assume r € (0,%). When r € (—1,0], the dimension of set of singular
times is less than or equal to %

We can prove this fact following the argument in Ch. 5 of [14]. When r > %, Bellout, Bloom
and Necas [2] showed that there are strong solutions. 1

Therefore, the only interesting cases are when r € (0, ¢).
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Let u be a weak solution. We note that

/ ‘VU‘B dx = / ‘Vu’(1—r)+(3T+1i(7“+2)+3(r+2i(1_r) "

< (/]Vu]Zdaz)%(/]Vu\r”da;)%ﬂ(/\Vu\?’r%da:)l_[
Sg(/\VuFda:)%/|Vu]r+2da:—|—€(/\Vu|3r+6da:)%

Setting
AC T 4+ ||Vl
and
\ def 2 — 27“7
3r+1
and taking e small, we have
1 3 r— C L
+ 3r 8, AT + - / (1+ |Vul?)*|V2ul? da
2(5r — 1) AT+
< C/|Vu’r+2 dx + e /‘f‘ng;,
and, thus,

1 :
2(5:_37° O, AT < C/\Vu\r+2d:c+0/]f\2d:c
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Let S be a singular time. We assume that fOTf |fI?dxdt < C. Integrating from s to S, we

obtain

14 3r 5r—1 5r—1 S
S — T r < r+2 .
20— 57) [A?J (s) — A3 +1(S)] C/S /Q\Vu\ drdt +C

Since S is a singular time, we have

/Q Vau(S)|? da = oo

that is, A%(S) = (0. Hence we have

1+ 3r )2
d
1—57“ /\Vu ) :1:

By Holder’s inequality, we have

S
g (J/ /\vur+2dxdt+0.
S Q

2(5r—1)

/\Vu )" da )T+2 e < C’/ (Vu|" " dz dt + C.

S
U & / / V()2 da dr,
t

/\Vu(t)\’”r2 dr = =U'(1).

Setting

we have

Thus, we obtain
2(5r—1)

(= U/(t)) 720+ < CU(t) + C,
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and

2(1-5r) C
—U'($)) +2Br+1) > .
Therefore,
(r+2)(3r+1)
~U't)(Ut)+1) 2057 > C,
and

(r+2)(3r+1)

U't)(Ut)+1) 2057 < —C.

Integrating from s to .S, we have

4—3r43r2 4 3r+3r2

(U(S)+1) 2057 — (U(s) +1) 2057 < —C(S — s).
Since U(S) = 0, we have

2(1-5r)
/ / Va2 dzdt > C(S — s)isis? (4.1)

Let
oY / IVul?dz(t) < ool

then O is right open from Theorem 4.1. So O is the countable union of semi-open intervals,
say,

O = U[CL@', bz>
In particular, we set the open set

O = U(a;, b;),
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then § & 0, 7]\ Oy is closed and has Lebesgue measure zero. Let t € (a;, b;). From (4.1),

we have
2(1-5r) T
Z(bz — ai)4—3r+3r2 S C/ / ‘VU‘H_Q dx dt < oo.
0 Q

For every € > 0, we can find a finite part I. of I such that

2(1-57)
Z(ﬁz’ —a;) <e, Z(@ — )4t e,

id . id .

The set [0, T'] \ Ujer.(a;, b;) is the union of finite number of mutually disjoint closed interval,
say, Bj, j = 1,--- ,N. It is clear that U;_;B; D S. Since (ay, ;) are mutually disjoint,
(o, ;) is contained in one and only one interval B;. We denote I; the set of i’s such that
B; D (i, 5;). It is clear that I, I;,--- , Iy is a partition of I and that

B; = (Uiejj (ai,ﬁi)> U (Bj N S), for all j.
Hence

diam Bj = Z(ﬁl — ozi) < €,
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and
21—5r) N 2(1-5r)
(1255 (5) < 3 (o )+
j=1
N 2(1-5r)
< Z (Z(ﬁl B Oéz)) 431132
7=1 iE[j
2(1-5r
< Z<ﬁ@ — 042)4(3rf32?
id
< ¢,

where dH* is the k-dimensional Hausdorff measure. Since ¢ is chosen arbitrarily, we conclude:

Theorem 4.2. Let u be a weak solution and r &€ (O,%). Then there exists a closed

set S C [0,T], whose %-dimensional Hausdorff measure vanishes, such that u s

continuous from [0,T]\ S into V.
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