
Existence of Weak Solutions to a Class of Non-Newtonian

Flows

1. Introduction and statement of the result.

Ladyzhenskaya [8].
Newtonian : Air, other gases, water, motor oil, alcohols, simple hydrocarbon compounds
—- the Navier-Stokes equations

non-Newtonian fluids : molten plastics, polymer solutions, dyes, varnishes, suspensions, ad-
hesives, paints, greases, paper pulp and biological fluids like blood

Ladyzhenskaya model is the following:

ρ
∂ui
∂t

+ ρuj
∂ui
∂xj

= − ∂p
∂xi

+
∂Γij
∂xj

+ ρfi,

∂uj
∂xj

= 0,

Γij
def
= (µ0 + µ1|E(∇u)|r)Eij(∇u),

Eij(∇u)
def
=

1

2

(∂ui
∂xj

+
∂uj
∂xi

)
,

(1.1)

in Q = Ω× (0,∞),
the initial condition u(x, 0) = u0(x) for x ∈ Ω
Dirichlet boundary condition,
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E = (Eij)

These models are called

Newtonian for µ0 > 0, µ1 = 0,

Rabinowitsch for µ0, µ1 > 0, and r = 2,

Ellis for µ0, µ1 > 0, and r > 0,

Ostwald-de Waele for µ0 = 0, µ1 > 0, and r > −1,

Bingham for µ0, µ1 > 0, and r = −1.

For µ0 = 0, if r < 0 then it is a pseudo-plastic fluid,
and if r > 0 then it is a dilant fluid

the pseudo-plastic Ostwald-de Waele models:
for paper pulp µ1 = 0.418, r = −0.425,
for carboxymethyl cellulose in water µ1 = 0.194, r = −0.434.

Ladyzhenskaya, and Lions [9] for µ0, µ1 > 0 obtained the existence of the weak solutions
for r ≥ 1

5 and their uniqueness for r > 1
2.

Lions [9] considered p-Laplace operator.
Bellout, Bloom and Nečas [2] showed that for µ0, µ1 > 0, Young measure valued solutions

if r ∈ (−4
5,−

1
5) and weak solutions if r ∈ [−1

5,∞).
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Approach to get the existence:

(1) Monotone operator theory
(2) the regularity method
(3) the truncation method
(4) the Lipschitz trucation method

◦ Monotone operator theory

Proposition 1.1. Let the spaces V be a reflexive and separable Banach space with dual
V ′, and set V = Lp(0, T ;V ) for 1 < p < ∞, and its dual is V ′ = Lp

′
(0, T ;V ′). Let H

be a Hilbert space, and we assume that V is a dense and continuously embedded in H.
Assume the operator A : V → V ′ is given such that its realization in V is type M ,
bounded and coercive with 〈Av, v〉 ≥ α‖v‖pV. Then for each f ∈ V ′ and u0 ∈ H there is
a solution u ∈ V of the Cauchy problem

u′(t) +A(u(t)) = f (t) in V ′, u(0) = u0 in H.

A is type M if un ⇀ u,Aun ⇀ f and lim sup〈Aun, un〉 ≤ 〈f, u〉 imply that Au = f .
If A is hemicontinuous (t 7→ A(u + tv) is continuous) and monotone then it is type M.

◦ the regularity method

(1 + ‖∇um(T )‖2)1−λ

1− λ
+

∫∫
|∇2um|r+2 + |∇2um|2

(1 + ‖∇um‖2)λ
dx dt ≤ C.
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◦ The L∞-truncation method is based on the strict monotonicity and on the construction
of a special test function belonging to L∞(Ω× (0, T )) ∩ Lp(0, T ;W 1,p

div (Ω). –steady case

(um − u)
(

1−min
(|um − u|

L
, 1
))

with L > 0 small.

◦ the Lipschitz trucation method -steady case
Test function of the form

(um − u)λ with λ > 0 large enough,

where the notations zmλ denotes such a Lipschitz truncation of zm so that zmλ coincides with
zm except for a small set Am

λ .

In Section 2, we consider the non-Newtonian equations in a weak form.
Galerkin method
In Section 3, we show that there exist weak solutions for r > −1.
In Section 4, we find that there is a strong solution locally in time if the initial data is

smooth enough.
Moreover, we estimate the Hausdorff dimension of singular time.
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2. Formulation of non-Newtonian flow

Let

V def
= {v ∈ C∞0 (Ω)3 : div v = 0},

V
def
= closure of V in W 1,2(Ω)3,

Vq
def
= closure of V in W 1,q(Ω)3,

H
def
= closure of V in L2(Ω)3.

V ↪→ H is compact.
The inner product of V is given by 〈∇u,∇v〉, where 〈·, ·〉 is the usual inner product of H.
Let V and Vq′ be the dual spaces of V and Vq, respectively, where 1/q + 1/q′ = 1.

‖u‖ def
= ‖u‖2

def
= 〈u, u〉1/2,

‖u‖q
def
= ‖u‖Lq(Ω)

def
=
(∫

Ω

|u|qdx
)1/q

,

‖u‖s,q
def
=
(∫

Ω

|∇su|q dx
)1/q

.

〈Bu, v〉 def
= b(u, u, v),

where

b(u, v, w)
def
=
∑
i,j

∫
uj∂jviwidx.

◦ the weak formulation for the problem (1.1):
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For given f, u0 with

u0 ∈ H, and f ∈ L2(0, T ; V),

find u with

u ∈ L∞(0, T ; H) ∩ L2(0, T ; V) ∩ Lr+2(0, T ; Vr+2), (2.1)

and satisfying that, for all v ∈ Vr+2 ∩V,

d

dt
〈u, v〉 + Γ(∇u,∇v) + b(u, u, v) = 〈f, v〉,

u(x, 0) = u0(x),
(2.2)

where
Γ(∇u,∇v) = µ0Γ0(∇u,∇v) + µ1Γr(∇u,∇v),

and

Γ0(∇u,∇v) =
∑
i,j

∫
Eij(∇u)Eij(∇v) dx,

Γr(∇u,∇v) =
∑
i,j

∫
|E(∇u)|rEij(∇u)Eij(∇v) dx.

If the boundary condition is Neumann or periodic, then we can redefine the solution spaces
H,V,Vr+2 corresponding to the boundary condition.

In case of the periodic boundary condition, we add the zero mean-value condition to the
definitions of H,V and Vr+2.
◦ the Galerkin method to get the existence.
The energy estimate follows in a standard way.
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But the difficulty lies on showing compactness in L2 and Ls(0, T ; Vr+2), for some s > 1.
With the compactness we can prove the strong convergence of the approximate convection

terms and the nonlinear viscosity terms.

Consider (2.2) on QT
def
= Ω× [0, T ], where T > 0 is fixed.

Let A be the linear operator V into V, the dual space of V, defined by

〈Au, v〉 def
= 〈∇u,∇v〉, for all v ∈ V.

Then A is an isomorphism from V onto V, and the restriction of A to W 2,2(Ω)3∩V coincides
with the operator −∆.

Furthermore, the operator A−1 : H→ H is self-adjoint and compact.
Hence there exists an orthonormal basis {wi : i = 1, 2, · · · } in H which consists of eigen-

functions of A:
Awi = λiwi, 0 < λ1 ≤ λ2 ≤ · · · .

For each m we define an approximate solution um of (2.2):

um
def
=

m∑
`=1

gm` (t)w`(x)

and

〈umt , wk〉 + Γ(∇um,∇wk) + b(um, um, wk) = 〈f, wk〉, (2.3)

um(0) = um0 , (2.4)

where
Γ(∇um,∇wk) = µ0Γ0(∇um,∇wk) + µ1Γr(∇um,∇wk),

and um0 is the orthogonal projection in H of u0 onto the space spanned by {w1, · · · , wm}.
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Here the initial data of gm` satisfy gm` (0) = 〈u0, w`〉. For convenience, we ignore the su-
perscript m of gm` . Then we have umt =

∑m
`=1 g

′
`(t)w`(x), and ∂ju

m =
∑m

`=1 g`(t)∂jw`(x).
Equation (2.3) becomes

g′`〈w`, wk〉 + g`gl〈w`,j∂jwl,i, wk,i〉 + 〈Γmij , Eij(∇wk)〉 = 〈f, wk〉, (2.5)

where

〈Γmij , Eij(∇wk)〉 = µ0g`〈Eij(∇w`), Eij(∇wk)〉 + µ1g`〈|Em|rEij(∇w`), Eij(∇wk)〉,

and Em = (Eij(∇um)).
Notice that (2.5) is a system of nonlinear ODE’s.
For the existence and uniqueness of solution of (2.5), we need the Lipschitz property of the

nonlinear terms of (2.5), which is easy to check.
Thus, there exists a unique solution of (2.5) locally.
In other words, for each m ≥ 1, (2.5) has a maximal solution on some interval [0, tm). If

tm < T , then ‖um(t)‖ → ∞ as t→ tm.
The following lemma shows that this does not happen, therefore tm = T .

Lemma 2.1. Assume that
∫
‖f‖2

V dt is bounded. Then we have

sup
0<t<T

‖um(t)‖2 + µ0

∫ T

0

‖∇um‖2ds + µ1

∫ T

0

‖∇um‖r+2
r+2ds

≤ C‖um(0)‖2 + C

∫ T

0

‖f‖2
Vds.

(2.6)
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Korn’s inequality

‖∇v‖s ≤ C
(∫

Ω

|Eij(∇v)Eij(∇v)|s/2 dx
)1/s

. (2.7)

the generalized form of Korn’s inequality

‖u‖s2,s ≤ C

∫
Ω

∣∣∣∣∂Eij(∇u)

∂xk

∂Eij(∇u)

∂xk

∣∣∣∣s/2 dx for 1 < s <∞. (2.8)

From the above theorem, we have

um ∈ L∞(0, T ; H) ∩ L2(0, T ; V) ∩ Lr+2(0, T ; Vr+2).

Thus, we have a subsequence, still denoted by um, which converges to u in L2(0, T ; V)
weakly, in Lr+2(0, T ; Vr+2) weakly, and in L∞(0, T ; H) weak-star, as m→∞.

Take the limit to (2.3) in order to show the limit u is a weak solution.
Take the limit to the infinity for the first term of (2.3) and for the linear viscosity term Γ0.
For the nonlinear third term of (2.3) we need the strong convergence of um in L2(0, T ; H).
For the nonlinear viscosity term Γr we need to find the corresponding weak limit of ∇um.
◦ The strong convergence of a subsequence um in L2(0, T ; H) is known in the context of

Young measure theory for all r ∈ (−1,∞).
Therefore we need only to show the strong convergence ∇um in Ls(QT ) for some s ≥ 1.

3. Weak solutions

For r > −1
5, the existence of weak solutions are shown in Bellout, Bloom and Nečas [2].

We consider the periodic problem on Ω = [0, 1]n.
We have obtained a Galerkin approximate solution um of (2.3) and (2.4).
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For the limiting process in the nonlinear viscosity term Γr of (2.3), we should justify that
for some u ∈ Lr+2(0, T ; Vr+2) and for all φ ∈ C∞0 (−∞, T ;V),∫∫

QT

|E(∇um)|rEij(∇um)Eij(∇φ) dx dt→
∫∫

QT

|E(∇u)|rEij(∇u)Eij(∇φ) dx dt. (3.1)

We have the facts
‖um‖L∞(0,T ;H) ≤ C, ‖um‖L2(0,T ;V) ≤ C.

If we can prove that ∇um converges to ∇u strongly in Ls(QT )3×3 for some s ≥ 1, then
∇um → ∇u almost everywhere in QT and also

|E(∇um)|r∇um → |E(∇u)|r∇u, a.e. in QT .

Moreover, for all M ⊂ QT ,∫
M

|E(∇um)|r+1 dx dt ≤ C
(∫ T

0

∫
Ω

|E(∇um)|r+2 dx dt
)r+1
r+2 |M |

1
r+2 ≤ C|M |

1
r+2 .

By applying the following Vitali’s lemma we obtain the convergence (3.1):

Lemma 3.1 (Vitali). Let G be a bounded domain in Rn and fm : G→ R be integrable
for every m ∈ N. Assume that limm→∞ f

m(z) exists and is finite for almost all z ∈ G,
and that for every ε > 0 there exists δ > 0 such that

sup
m∈N

∫
M

|fm(z)| dz < ε, for each M ⊂ G, |M | < δ.

Then

lim
m→∞

∫
G

fm(z) dz =

∫
G

lim
m→∞

fm(z) dz.
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Therefore, we need the strong convergence of ∇um in Ls(QT )3×3 for some s ≥ 1.
Aubin-Lyons compact embedding lemma:

Lemma 3.2. Assume that Y0, Y, Y1 are Banach spaces with

Y0 ⊂ Y ⊂ Y1,

the injection being continuous and the injection of Y0 into Y is compact, and Y0 and Y1

are reflexive. Let T > 0 be finite, and let α0, α1 > 1 be finite numbers. Define the space

Y def
= {v ∈ Lα0(0, T ;Y0), v̇

def
=

d

dt
v ∈ Lα1(0, T ;Y1)},

which is a Banach space with the norm

‖v‖Y
def
= ‖v‖Lα0(0,T ;Y0) + ‖v̇‖Lα1(0,T ;Y1).

Then, the injection of Y into Lα0(0, T ;Y ) is compact.

V2,2
def
= V ∩W 2,2(Ω)3,

U the dual space of V2,2
def
= W 2,2(Ω)3 ∩V.

We take Y = W 1,r+2(Ω)3 and Y1 = U,
and we will find a number 0 < σ < 1 and set Y0 = W 1+σ,r+2(Ω)3.
Then, the embedding Y0 ↪→ Y is compact for r > −1 and for σ > 0.
From now on, we prove that {um} lies in Y for some α0, α1 > 1.
The constants σ, α0 and α1 will be determined later.
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Let Pm denote the orthogonal projection in H onto the space spanned by wi, · · · , wm. We
remark that for m = 1, 2, · · · ,

Av = −Pm∆v = −∆v, for all v ∈ 〈w1, · · · , wm〉.

Lemma 3.3. Let α1 be a constant such that 1 < α1 ≤ 2. Suppose that∫ T

0

‖f‖α1
V dt <∞.

Then we have u̇m(t) ∈ Lα1(0, T ; U) and∫ T

0

‖u̇m(t)‖α1
U dt ≤ C

for some C.

Proof. Observe that for v ∈ V2,2,∣∣∣〈∂um
∂t

, v〉
∣∣∣ =

∣∣∣〈∂um
∂t

, Pmv〉
∣∣∣

≤ µ0

∣∣∣ ∫
Ω

Eij(∇um)Eij(∇Pmv) dx
∣∣∣ + µ1

∣∣∣ ∫
Ω

|E(∇um)|rEij(∇um)Eij(∇Pmv) dx
∣∣∣

+
∣∣∣ ∫

Ω

umj ∂ju
m
i Pmvi dx

∣∣∣ +
∣∣∣ ∫

Ω

fiPmvi dx
∣∣∣

def
= I1 + I2 + I3 + I4.

Note that

‖Pmv‖V2,2 ≤ C‖v‖V2,2 for all v ∈ V2,2.
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Since ∥∥∥∂u
∂t

m∥∥∥
U

= sup
v∈V2,2

|〈∂um∂t , v〉|
‖v‖V2,2

,

we need to estimate Ii, i = 1, 2, 3, 4.
Observe first that

sup
v∈V2,2

I1

‖v‖V2,2

≤ C sup
v∈V2,2

( ∫
|∇um|65 dx

)5
6
( ∫
|∇Pmv|6 dx

)1
6

‖v‖V2,2

≤ C
(∫
|∇um|

6
5 dx

)5
6
.

Thus we have that∫ T

0

(
sup

v∈V2,2

I1

‖v‖V2,2

)s
dt ≤

∫ (∫
|∇um|

6
5 dx

)5
6s
dt ≤ C

∫ (∫
|∇um|2 dx

)1
2s
dt ≤ C,

where

1 < s ≤ 2. (3.2)

Observe secondly that

sup
v∈V2,2

I2

‖v‖V2,2

= sup
v∈V2,2

|〈
(
|E(∇um)|rEij(∇um)

)
, Eij(∇Pmv)〉|

‖v‖V2,2

≤ C‖|E(∇um)|r+1‖.

By Hölder’s inequality, we have

‖ |E(∇um)|r+1‖ ≤ C
(∫
|∇um|2(r+1) dx

)1
2 ≤ C

(∫
|∇um|2 dx

)r+1
2
.
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Thus we have that∫ T

0

(
sup
v∈V2,2

I2

‖v‖V2,2

)s
dt ≤ C

(∫∫
|∇um|2 dx dt

)s(r+1)
2 ≤ C,

when

1 < s ≤ 2

r + 1
. (3.3)

Observe thirdly that

sup
v∈V2,2

I3

‖v‖V2,2

≤ sup
v∈V2,2

( ∫
|um|12

5 dx
)5

6
( ∫
|∇Pmv|6dx

)1
6

‖v‖V2,2

≤
(∫
|um|

9
5+3

5dx
)5

6 ≤
(∫
|um|2dx

)3
4
(∫
|um|6 dx

) 1
12 ≤ C

(∫
|∇um|2 dx

)1
4

since um ∈ L∞(0, T ;L2(Ω)). Thus, we have that∫ T

0

‖Bum‖sUdt ≤ C, for 1 < s ≤ 4. (3.4)

Finally notice that

sup
v∈V2,2

I4

‖v‖V2,2

≤ C sup
v∈V2,2

‖f‖V
( ∫
|∇Pmv|2 dx

)1
2

‖v‖V2,2

≤ C‖f‖V.
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Therefore, if s satisfies the conditions (3.2), (3.3) and (3.4), that is, 1 < s ≤ 2, and∫
‖f‖sVdt < C,

then we have
u̇m ∈ Ls(0, T ; U).

�

Lemma 3.4. Suppose u ∈ W 2,s for 1 < s ≤ 2, then∫
|∇2u|sdx ≤ s

2(1 + r)

∫
Ω

∂k(|E(∇u)|rEij(∇u))∂kEij(∇u) dx + C

∫
|∇u|−

rs
2−sdx

for some C.
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SKIP

Proof. Notice that for 0 < s < 2,∫
|∇E(∇u)|sdx =

∫
|E(∇u)|−

rs
2 |E(∇u)|

rs
2 |∇E(∇u)|sdx

≤
(∫
|E(∇u)|r|∇E(∇u)|2dx

)s
2
(∫
|E(∇u)|−

rs
2−sdx

)2−s
2

≤ s

2

∫
|E(∇u)|r|∇E(∇u)|2dx +

2− s
2

∫
|E(∇u)|−

rs
2−sdx.

By Korn’s inequality (2.8) for 1 < s < 2 we have∫
|∇2u|sdx ≤ s

2

∫
|E(∇u)|r|∇E(∇u)|2dx + C

∫
|∇u|−

rs
2−sdx.

Since

∂k
(
|E(∇u)|rEij(∇u)

)
∂kEij(∇u) = ∂k

(
(El`(∇u)El`(∇u))

r
2 Eij(∇u)

)
∂kEij(∇u)

= |E(∇u)|r∂kEij(∇u) ∂kEij(∇u) + r|E(∇u)|r−2El`(∇u) ∂kEl`(∇u)Eij(∇u) ∂kEij(∇u),

we have

|E(∇u)|r|∇E(∇u)|2 ≤ 1

1 + r
∂k
(
|E(∇u)|rEij(∇u)

)
∂kEij(∇u).

Thus we complete the proof. �

Taking s = r + 2, we have∫
|∇2u|r+2dx ≤ r + 2

2(1 + r)

∫
Ω

∂k(|E(∇u)|rEij(∇u))∂kEij(∇u) dx + C

∫
|∇u|r+2dx.
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We have from (2.5) with ∆wk in the place of wk that

d

dt
‖∇um‖2 + µ0〈∇Eij(∇um),∇Eij(∇um)〉

+ µ1〈∇|Em|rEij(∇um),∇Eij(∇um)〉 + b(um, um,∆um) = −〈f,∆um〉.

Thus, by the divergence free condition and Lemma 3.4 we have

d

dt
‖∇um‖2 + C

∫
|∇2um|r+2dx + C

∫
|∇2um|2 dx

≤
∫
|∇um|3 dx + C

∫
|∇um|r+2 dx +

∣∣〈f,∆um〉∣∣
≤
∫
|∇um|3 dx + C

∫
|∇um|r+2 dx + ε−1

∫
|f |2 dx + ε

∫
|∆um|2 dx.

Taking ε small, we have

d

dt
‖∇um‖2 + C

∫
|∇2um|r+2 dx + C

∫
|∇2um|2 dx

≤
∫
|∇um|3 dx + C

∫
|∇um|r+2 dx + C

∫
|f |2 dx.

Consider the inner product of (2.2) with
−∂2

ku
m

(1 + ‖∇um‖2)λ
, where λ will be a number ≥ 2.

In the end λ will be chosen as 2.
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∂t(1 + ‖∇um‖2)1−λ

2(1− λ)
+

C

(1 + ‖∇um‖2)λ

∫ (
∂k(|E|rE)∂kE + |∇2um|2

)
dx

≤ 1

(1 + ‖∇um‖2)λ

(∫
|∇um|3 + |f |2 + ε|∇2um|2 dx

)
.

Integrating with respect to t, we have

1

2(1− λ)
(1 + ‖∇um(T )‖2)1−λ + C

∫∫ [
∂k(|E|rE)∂kE

(1 + ‖∇um‖2)λ
+

|∇2um|2

(1 + ‖∇um‖2)λ

]
dx dt

≤
∫∫ (

|∇um|3 + |f |2 + ε|∇2um|2
)

(1 + ‖∇um‖2)λ
dx dt +

1

2(1− λ)
(1 + ‖∇um(0)‖2)1−λ. (3.5)

Observe that

∫
|∇um|3 dx =

∫
|∇um|

3
2+3

2 dx ≤
(∫
|∇um|2 dx

)3
4
(∫
|∇um|6 dx

)1
4

≤ C
(∫
|∇um|2 dx

)3
4
(∫
|∇2um|2 dx

)3
4
.
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Thus, we have

∫∫
(1 + ‖∇um‖2)−λ|∇um|3dx dt

≤
∫

(1 + ‖∇um‖2)−λ
(∫
|∇um|2 dx

)3
4
(∫
|∇2um|2 dx

)3
4
dt

=

∫ (∫ |∇um|2 dx
1 + ‖∇um‖2

)3
4

( ∫
|∇2um|2 dx

)3
4

(1 + ‖∇um‖2)λ−
3
4
dt

≤
∫ ( ∫

|∇2um|2 dx
)3

4

(1 + ‖∇um‖2)
3
4λ+λ−3

4
dt

≤
(∫∫

|∇2um|2

(1 + ‖∇um‖2)λ
dx dt

)3
4 (∫∫

(1 + ‖∇um‖2)3−λ dx dt
)1

4

≤ ε

∫∫
|∇2um|2

(1 + ‖∇um‖2)λ
dx dt + C

∫
(1 + ‖∇um‖2)3−λ dt.

For λ ≥ 2,

∫ T

0

(1 + ‖∇um‖2)3−λ dt ≤ C.
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Therefore, from (3.5) we have

(1 + ‖∇um(T )‖2)1−λ

2(1− λ)
+ C

∫∫
|E|r|∇E|2

(1 + ‖∇um‖2)λ
dx dt + C

∫∫
|∇E|2

(1 + ‖∇um‖2)λ
dx dt

≤
∫∫

1

(1 + ‖∇um‖2)λ
(
|f |2 + ε|∇2um|2

)
dx dt +

1

2(1− λ)

(
1 + ‖∇um(0)‖2

)1−λ
+ C.

By Lemma 3.4, we have

(1 + ‖∇um(T )‖2)1−λ

2(1− λ)
+ C

∫∫ ( |∇2um|r+2

(1 + ‖∇um‖2)λ
+

|∇2um|2

(1 + ‖∇um‖2)λ

)
dx dt

≤
∫∫
|f |2 + ε|∇2um|2 + C|∇um|r+2

(1 + ‖∇um‖2)λ
dx dt +

1

2(1− λ)
(1 + ‖∇um(0)‖2)1−λ + C,

where ∫∫
|∇um|r+2

(1 + ‖∇um‖2)λ
dx dt ≤

∫∫
|∇um|r+2 dx dt ≤ C

is used. Taking ε small, we have

(1 + ‖∇um(T )‖2)1−λ

2(1− λ)
+ C

∫∫
|∇2um|r+2 + |∇2um|2

(1 + ‖∇um‖2)λ
dx dt

≤
∫∫

|f |2

(1 + ‖∇um‖2)λ
dx dt +

1

2(1− λ)
(1 + ‖∇um(0)‖2)1−λ + C. (3.6)

For λ ≥ 2, we have∫∫
|∇2um|r+2

(1 + ‖∇um‖2)λ
dx dt +

∫∫
|∇2um|2

(1 + ‖∇um‖2)λ
dx dt ≤ C. (3.7)
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Observe that for θ < r + 2,

∫ (∫
|∇2um|r+2 dx

) θ
r+2

dt

=

∫ (∫ |∇2um|r+2

(1 + ‖∇um‖2)λ
dx
) θ
r+2

(1 + ‖∇um‖2)
θλ
r+2 dt

≤
(∫∫ |∇2um|r+2

(1 + ‖∇um‖2)λ
dx dt

) θ
r+2
(∫ T

0

(1 + ‖∇um‖2)
θλ

r+2−θ dt
)r+2−θ

r+2

≤ C
(∫ T

0

(1 + ‖∇um‖2)
θλ

r+2−θ dt
)r+2−θ

r+2
.

If 0 < θ ≤ r+2
λ+1, that is, θλ

r+2−θ ≤ 1, then

∫ (∫
|∇2um|r+2 dx

) θ
r+2

dt ≤ C.

By the interpolation inequality, we have

‖um‖1+σ,r+2 ≤ ‖um‖σ2,r+2 ‖um‖1−σ
1,r+2.
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For sσ < θ
def
= r+2

λ+1, we have∫
‖um‖s1+σ,r+2 dt ≤

∫
‖um‖sσ2,r+2 ‖um‖

s(1−σ)
1,r+2 dt

≤
(∫
‖um‖θ2,r+2 dt

)sσ
θ
(∫
‖um‖

(1−σ)sθ
θ−σs

1,r+2 dt
)θ−sσ

θ

≤ C
(∫
‖um‖

(1−σ)sθ
θ−σs

1,r+2 dt
)θ−sσ

θ
.

We choose θ = r+2
λ+1. Therefore, we have that∫

‖um‖s1+σ,r+2 dt ≤ C

if
sθ(1− σ)

θ − σs
≤ 2,

that is,

s ≤ 2(r + 2)

2(1 + σλ) + r(1− σ)
. (3.8)

We want to take s > 1. Hence we need the following condition

0 < σ <
r + 2

2λ− r
. (3.9)

We may take such σ and s. By Sobolev embedding, we have

W 1+σ,r+2 ⊂ W 1,r+2.
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Notice that
W 1,r+2 ⊂ U.

Hence we have
W 1+σ,r+2 ⊂ W 1,r+2 ⊂ U,

of which the first inclusion is compact.
Therefore, we can apply Lemma 3.2 where Y0 = W 1+σ,r+2, Y = W 1,r+2, and Y1 = U, and

α0 can be chosen by s which satisfies the conditions (3.8) and (3.9).
Hence the sequence {um} is compact in Lα0(0, T ; Vr+2).
So there exists a subsequence converging strongly in Lα0(0, T ;W 1,r+2).
If we add one more condition on α0 such that

α0 < r + 2,

that is,

1 < α0 < min
{
r + 2,

2(r + 2)

2(1 + σλ) + r(1− σ)

}
,

then, for such α0, ∇um converges strongly in Lα0(QT ). For,∫∫
|∇um −∇u|α0 dx dt ≤

∫ T

0

(∫
Ω

|∇um −∇u|r+2 dx
) α0
r+2

dt→ 0

as m→ 0. Therefore, we have our main theorem on the weak solutions.
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Theorem 3.5 (Weak solutions). Let µ0, µ1 > 0. Let r ∈ (−1,∞).

If u0 ∈ H and
∫ T

0 ‖f‖
2
V dt is bounded,

then there exists a weak solution u ∈ L∞(0, T ; H) ∩ L2(0, T ; V) ∩ Lr+2(0, T ; Vr+2) to
(2.2) satisfying

−
∫∫

QT

ui∂tφi dx dt + µ0

∫∫
QT

E(∇u) · E(∇φ) dx dt

−
∫∫

QT

ujui∇jφi dx dt + µ1

∫∫
QT

|E(∇u)|rE(∇u) · E(∇φ) dx dt

=

∫
fiφi dx dt,

for all φ ∈ C∞0 (QT ) with ∇ · φ = 0.
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4. Strong solutions and time singularity

We first consider the short time existence of strong solutions. The short time existence for
smooth initial data can be proved as in the case of incompressible Navier-Stokes equations.
We refer to Section 3 in [14] for the proof. Indeed, the energy estimate (3.6) is the key step
and the remaining part is exactly the same as to the case of the incompressible Navier-Stokes
equations.

Theorem 4.1. Suppose that

A(0)
def
=

∫
Ω

1 + |∇u(0)|2 dx <∞,

then there is a strong solution in (0, T0), for all

T0 ≤
C

A(0)2
.

We now estimate Hausdorff dimension of the set of singular times.
From now on, we assume r ∈ (0, 1

5). When r ∈ (−1, 0], the dimension of set of singular
times is less than or equal to 1

2.
We can prove this fact following the argument in Ch. 5 of [14]. When r ≥ 1

5, Bellout, Bloom
and Nečas [2] showed that there are strong solutions.

Therefore, the only interesting cases are when r ∈ (0, 1
5).
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Let u be a weak solution. We note that∫
|∇u|3 dx =

∫
|∇u|(1−r)+

(3r+1)(r+2)
4 +

3(r+2)(1−r)
4 dx

≤
(∫
|∇u|2 dx

)1−r
2
(∫
|∇u|r+2 dx

)3r+1
4
(∫
|∇u|3r+6 dx

)1−r
4

≤ C

ε

(∫
|∇u|2 dx

)2−2r
3r+1
∫
|∇u|r+2 dx + ε

(∫
|∇u|3r+6 dx

)1
3

Setting

A
def
= 1 + ‖∇u‖2,

and

λ
def
=

2− 2r

3r + 1
,

and taking ε small, we have

1 + 3r

2(5r − 1)
∂tA

5r−1
3r+1 +

C

A
2−2r
1+3r

∫ (
1 + |∇u|2

)r
2 |∇2u|2 dx

≤ C

∫
|∇u|r+2 dx +

C

A
2−2r
1+3r

∫
|f |2 dx,

and, thus,

1 + 3r

2(5r − 1)
∂tA

5r−1
3r+1 ≤ C

∫
|∇u|r+2 dx + C

∫
|f |2 dx.
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Let S be a singular time. We assume that
∫ T

0

∫
|f |2 dx dt ≤ C. Integrating from s to S, we

obtain
1 + 3r

2(1− 5r)

[
A

5r−1
3r+1(s)− A

5r−1
3r+1(S)

]
≤ C

∫ S

s

∫
Ω

|∇u|r+2 dx dt + C.

Since S is a singular time, we have ∫
Ω

|∇u(S)|2 dx =∞,

that is, A
5r−1
3r+1(S) = 0. Hence we have

1 + 3r

2(1− 5r)

(∫
|∇u(s)|2 dx

)5r−1
3r+1 ≤ C

∫ S

s

∫
Ω

|∇u|r+2 dx dt + C.

By Hölder’s inequality, we have(∫
|∇u(s)|r+2 dx

) 2(5r−1)
(r+2)(3r+1) ≤ C

∫ S

s

∫
Ω

|∇u|r+2 dx dt + C.

Setting

U(t)
def
=

∫ S

t

∫
|∇u(τ )|r+2 dx dτ,

we have ∫
|∇u(t)|r+2 dx = −U ′(t).

Thus, we obtain (
− U ′(t)

) 2(5r−1)
(r+2)(3r+1) ≤ CU(t) + C,
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and (
− U ′(t)

) 2(1−5r)
(r+2)(3r+1) ≥ C

U(t) + 1
.

Therefore,

−U ′(t)
(
U(t) + 1

) (r+2)(3r+1)
2(1−5r) ≥ C,

and

U ′(t)
(
U(t) + 1

) (r+2)(3r+1)
2(1−5r) ≤ −C.

Integrating from s to S, we have(
U(S) + 1

)4−3r+3r2
2(1−5r) −

(
U(s) + 1

)4−3r+3r2
2(1−5r) ≤ −C(S − s).

Since U(S) = 0, we have ∫ S

s

∫
Ω

|∇u|r+2 dx dt ≥ C(S − s)
2(1−5r)

4−3r+3r2 . (4.1)

Let

O def
= {t :

∫
|∇u|2 dx(t) <∞},

then O is right open from Theorem 4.1. So O is the countable union of semi-open intervals,
say,

O = ∪[ai, bi).

In particular, we set the open set

O1 = ∪(ai, bi),
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then S def
= [0, T ] \ O1 is closed and has Lebesgue measure zero. Let t ∈ (ai, bi). From (4.1),

we have

∑
(bi − ai)

2(1−5r)
4−3r+3r2 ≤ C

∫ T

0

∫
Ω

|∇u|r+2 dx dt <∞.

For every ε > 0, we can find a finite part Iε of I such that

∑
i/∈Iε

(βi − αi) ≤ ε,
∑
i/∈Iε

(βi − αi)
2(1−5r)

4−3r+3r2 ≤ ε.

The set [0, T ] \ ∪i∈Iε(ai, bi) is the union of finite number of mutually disjoint closed interval,
say, Bj, j = 1, · · · , N . It is clear that ∪Nj=1Bj ⊃ S . Since (αi, βi) are mutually disjoint,
(αi, βi) is contained in one and only one interval Bi. We denote Ij the set of i’s such that
Bj ⊃ (αi, βi). It is clear that Iε, Ii, · · · , IN is a partition of I and that

Bj =
(
∪i∈Ij (αi, βi)

)
∪
(
Bj ∩ S

)
, for all j.

Hence

diamBj =
∑

(βi − αi) ≤ ε,
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and (
dH

2(1−5r)
4−3r+3r2

)
(S) ≤

N∑
j=1

(
diamBj

) 2(1−5r)
4−3r+3r2

≤
N∑
j=1

(∑
i∈Ij

(βi − αi)
) 2(1−5r)

4−3r+3r2

≤
∑
i/∈Iε

(βi − αi)
2(1−5r)

4−3r+3r2

≤ ε,

where dHk is the k-dimensional Hausdorff measure. Since ε is chosen arbitrarily, we conclude:

Theorem 4.2. Let u be a weak solution and r ∈ (0, 1
5). Then there exists a closed

set S ⊂ [0, T ], whose 2(1−5r)
4−3r+3r2-dimensional Hausdorff measure vanishes, such that u is

continuous from [0, T ] \ S into V.
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[3] H. Bellout, F. Bloom and J. Nečas, Existence, uniqueness, and stability of solutions to the initial boundary value problem for bipolar viscous

fluid, Diff. Int. Equ., Vol. 8, No. 2, 453-464 (1995)
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