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ABSTRACT

In this talk, three-level BDDC algorithms will be presented for the solutions of large sparse
linear algebraic systems arising from the mortar discretization of elliptic boundary value prob-
lems. The mortar discretization is considered on geometrically non-conforming subdomain par-
titions. In the algorithms, the large coarse problems from two-level BDDC algorithms are solved
approximately while a good rate of convergence is maintained. This is an extension of previ-
ous work for the three-level BDDC algorithms with standard finite element discretization by
Tu [12,13]. Estimates of the condition numbers are provided for the three-level BDDC methods
and numerical experiments are also discussed.

INTRODUCTION

Mortar methods were introduced by Bernardi, Maday, and Patera [14] to couple different ap-
proximations in different subdomains so as to obtain a good global approximate solution. They
are useful for modelling multi-physics, adaptivity, and mesh generation for three dimensional
complex structures. The coupling is done by enforcing certain constraints on solutions across the
subdomain interface using Lagrange multipliers. We call these constraints the mortar matching
conditions. Both dual and primal forms can be obtained from the mortar discretization. Since the
dual form is similar to the linear systems solved by FETI-DP algorithms, FETI-DP algorithms
have been developed for solving the dual form of mortar discretizations [5,3]. Later BDDC al-
gorithms, that are closely related to the FETI-DP algorithms, were also developed for solving
the primal form of the mortar discretization [4]

BDDC (Balancing Domain Decomposition by Constraints) methods were introduced and
analyzed in [1,10,11] for standard finite element discretizations. These iterative methods are
new versions of the balancing Neumann-Neumann algorithms with a new coarse problem given
in terms of a set of primal constraints. Two—level BDDC methods have been extended to mortar
finite element discretization in [4]. The edge/face primal constraints are considered, which lead
to much larger coarse problems than standard discretizations. This is due to the geometrically
non-conforming subdomain partitions and the fact that only face primal constrains are possible
for three dimensions. In the two-level BDDC algorithms, the coarse problems are generated and



factored by direct solvers at the beginning of the computation. The coarse components can be
the bottleneck of the algorithms if the number of the subdomains is large.

Recently, there are several papers about inexact solvers for BDDC algorithms with stan-
dard finite element discretization. In [12,13], two three-level BDDC algorithms are introduced
which solve the coarse problems inexactly by introducing an additional level. Inexact local
solvers based on multigrid methods were introduced by Li and Widlund in [9]. In [15], sev-
eral inexact solvers for both the coarse and the local components are considered. An inexact
FETI-DP algorithm is also introduced in [7].

In this paper, we extend the algorithms in [12,13] to mortar finite element discretization.
We solve the coarse problem approximately, by introducing an additional level and using the
BDDC idea recursively, and show that a good rate of convergence still can be maintained. We
also provide estimates of the condition number bounds of the system with the new precondition-
ers.Numerical results will be presented for both two and three—dimensional elliptic problems.

REFERENCES

1. C. R. DOHRMANN, “A preconditioner for substructuring based on constrained energy
minimization”, SIAM J. Sci. Comput\ol. 25, 2003, pp. 246—258.

2. H. H. Kim, “A preconditioner for the FETI-DP formulation with mortar methods in three
dimensions”, tech. report, KAIST, 2004.

3. H. H. Kim, “A FETI-DP algorithm for elasticity problems with mortar discretization on
geometrically non-conforming partitions”, tech. report, New York University, 2006.

4. H. H. Kim, M. Dryja, and O. B. Widlund, “A BDDC algorithm for problems with mortar
discretization”, tech. report, New York University, 2005.

5. H. H. Kim and C.-O. Lee, “A preconditioner for the FETI-DP formulation with mortar
methods in two dimensions3IAM J. Numer. Anal\Vol. 42, 2005, pp. 2159-2175.

6. A. Klawonn, O. B. Widlund, and M. Dryja, “Dual-primal FETI methods for three-
dimensional elliptic problems with heterogeneous coefficiel@88M J. Numer. Anal\Vol.
40, 2002, pp. 159-179.

7. A. Klawonn, and O. Rheinbach, “Inexact FETI-DP methodsppeared electronically in
Internat. J. Numer. Methods Engrg2006.

8. J.Liand O. Widlund, “FETI-DP, BDDC, and block Cholesky methods”, tech. report, New
York University, 2005.

9. J.Liand O. Widlund, “BDDC algorithms for incompressible Stokes equaticfsgppear
in SIAM J. Numer. Anal2006.

10. J. Mandel and C. R. Dohrmann, “Convergence of a balancing domain decomposition
by constraints and energy minimizatiorflumer. Linear Algebra Appl.Vol. 10, 2003,
pp. 639-659.

11. J. Mandel, C. R. Dohrmann, and R. Tezaur, “An algebraic theory for Primal and Dual
substrucruting methods by constraint8ppl. Numer. Math.\Vol. 54, 2005, pp. 167-193.

12. X. Tu, “Three-level BDDC in two dimensions’Appeared electronically in Internat. J.
Numer. Methods Engrg2006.

13. X. Tu, “Three-level BDDC in three dimensions”, tech. report, New York University, 2005.



14. C. Bernardi, Y. Maday, and A. T. Patera, A new nonconforming approach to domain
decomposition: the mortar element methBdman Res. Notes Math. Sevol. 299, 1994,
pp. 13-51.

15. C. R. Dohrmann, “An approximate BDDC preconditioner”, Technical Report SAND2005-
5424, Sandia National Laboratory,2005.



