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ABSTRACT. The main result of this paper is to construct the derivative
twisted p-adic (h, g)-L-functions at s = 0. We obtain twisted version of
Theorem 4 in [17]. We also obtain twisted (h, g)-extension of Proposition
1 in [3].

1. Introduction, definitions and notations

Throughout this paper, p will denote a prime number. Z,Z,,Q, and C,
will denote by the ring of rational integers, the ring of p-adic integers, the
field of p-adic rational numbers and the completion of the algebraic closure of
Qp, respectively. Let v, be the normalized exponential valuation of C, with
|plp= p~(®) = p=1 When one talks of g-extension, ¢ is variously considered
as an indeterminate, a complex number ¢ € C, or p-adic number ¢ € C,. If

q € C,p, then we normally assume | 1 — ¢ [,< pfz)%l, so that ¢* = exp(zlog q)
for | z |[,< 1. If ¢ € C, then we normally assume| ¢ |< 1 (see [5], [33], [9], [11]).

Kubota and Leopoldt proved the existence of meromorphic functions, which
is defined over the p-adic number field as follows

oo

Ly(s,x) = Y. @ =1 —x(Pp~*)L(s,x),
n=1
(n,p) =1

where L(s, x) is the Dirichlet L-function cf. ([22], [3], [1], [5], [20], [7])-
L, (s, x) function interpolates generalized Bernoulli numbers B, , at non-
positive integers as follows [22]:

1— n—1
L,(1—n,x) = _d=xer) )Bnyxna for n € Zt,
n
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where B,, , denotes the nth generalized Bernoulli numbers associate with the
primitive Dirichlet character x, and x,, = xw™", where w is the Teichmiiller
character. w is the unique Z,-valued character of conductor p such that w(a) =
a(mod pZ,) for all a € Z cf. [3].

Ferrero and Greenberg [3] found the formula for the derivative of the p-adic
L-function at s = 0. They also gave some fundamental properties of the p-adic
L-function. Proofs of the existence and fundamental properties of the p-adic
L-function are given in cf. ([22], [5]) and also in cf. ([3], [1], [21], [20], [33], [7],
8], [34])-

Let T, = Up>1Cpn = lim,, o0 Cpn, where Cpn = {f | e = 1} is the cyclic
group of order p". For § € T),, we denote by ¢, : Z, — C, the locally constant
function z — &%, cf. ([6], [19]). The integer p* is defined by p* = p if p > 2
and p* =4 if p =2 cf. ([7], [34)).

Twisted two-variable (h, ¢)-L- function is defined by [30]:

Definition 1. Let s € C. Let x be a Dirichlet character of conductor f € Z*.
We define
hm

(R) _ - X(m)gmq logqh > X(m)fmqhm
(1) LE’q( 7 )_ Z (Z+m)3 s—1 (Z+m)571 .

m=0

The main result of this paper is to find the derivative of Lé}z q(s,t, X) at

s = 0. We study on the behavior of twisted p-adic (h, q)-L-functions, at s = 0 in
detail. We give relation between (h, ¢)-partial zeta function and Lg;i q(s, t,x)-
We obtain twisted version of Theorem 4 in [17]. We also obtain twisted (h, q)-

extension of Proposition 1 in [3]. Our main theorem is given as follows:

Theorem 2. Let x be the primitive Dirichlet character, and let F' be a positive
integral multiple of p* and f = f, . Fort € C, with | t |,< 1, h € Z, and
£ €T, then we have

9 (0,t,x)

ds  &pa

- aga(h) a+p*t

= > @G ()
a=1

(avp) =1
F
o Lé}z’q(o,t,x)logpF - Z Xl(a’)qhaé—aBiflE)F (qF)-
a=1
(aap) =1

In [23], Shiratani and Yamamoto constructed a p-adic interpolation G, (s, u)
of the Frobenius-Euler numbers H,(u) and as its application, they obtained
an explicit formula for L;)(O7 X) with any Dirichlet character x. In [7], Kim
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presented g-Fuler numbers occurring in the coefficients of some Stirling type
series for p-adic analytic functions. He treated generalized Kummer congru-
ences for ¢g-Bernoulli numbers. He also studied on ¢- analogue of the p-adic
L-function, Ly, 4(s,x). He found the value of L, 4(s,x) at s = 1. In [8], Kim
found interesting and useful results of L, ,(s, x) function. By p-adic ¢-integral,
he also constructed generating function of Carlitz’s ¢g-Bernoulli number. Young
[34] defined some p-adic integral representation for the two-variable p-adic L-
functions, introduced by Fox [4]. For powers of the Teichmiiller character, he
used the integral representation to extend the L-function to the large domain,
in which it is a meromorphic function in the first variable and an analytic
element in the second. These integral representations imply systems of congru-
ences for the generalized Bernoulli polynomials. In [16], Kim constructed the
two-variable p-adic ¢- L-function, which interpolates the generalized g-Bernoulli
polynomials. This function is the g-extension of the two-variable p-adic L-
function. He gave a p-adic integral representation for this two-variable p-adic
g-L-function. He also derived g-extension of the generalized formula of Dia-
mond and Ferrero and Greenberg formula for the two variable p-adic L-function
in terms of the p-adic gamma and log gamma functions.

In [17], Kim constructed new p-adic (h, g)-L-function, ng(& t,x), which is
generalized Leopoldt-Kubota p-adic L-function and Proposition 1 in [3]. This
function interpolates the generalized new (h, q)-generalized Bernoulli polyno-
mials cf. [15].

The p-adic g-integral (or g-Volkenborn integral) are originately constructed
by Kim [9]. Kim indicated a connection between the g-Volkenborn integral
and non-Archimedean combinatorial analysis. The g-Volkenborn integral is
used in mathematical physics for example the functional equation of the g-
zeta function, the g-Stirling numbers, and g-Mahler theory of integration with
respect to a ring Z, together with Iwasawa’s p-adic ¢-L-function.

For f € UD(Z,,C,) = {f | f : Z, — C, is uniformly differentiable
function}, the p-adic ¢-integral (or g-Volkenborn integration) was defined by

pN -1
2) L0 = [ @) = Jim e S @),
P 4 z=0

where [z], = 11%‘1; ([9], [10], [11], [12], [13], [14], [31], [32]). For a fixed positive
1, we set

integer f with (p, f) =
X = X;=1mZ/fp"Z,
“—N
X1 = Zp,, X*=U 0<a< fp @+ fpLy
(a,p) =1

and
a+prZp:{x€X|an(modpr)},
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where a € 7 batisﬁes the condition 0 <a< fpV. For f € UD(Z,,C,),
fZ x)dpy (z) = [i f(x)dp, (x),(for details see [9], [10], [13]).

n [6] K1m defined analogue of Bernoulli numbers, which is called twisted
Bernoulli numbers in this paper. He gave relation between these numbers and
Frobenious-Euler numbers. Kim, Jang, Rim and Pak [19] defined twisted g-
Bernoulli numbers by using p-adic invariant integrals on Z,,. They gave twisted
g-zeta function and ¢-L-series which interpolate twisted g-Bernoulli numbers.
By using the g-Volkenborn integral on Z,, we [28], [30] constructed new gen-
erating functions of the twisted (h, ¢)-Bernoulli polynomials and numbers. By
applying the Mellin transformation to the generating functions, we constructed
integral representation of the twisted (h, ¢)-Hurwitz function and twisted (h, ¢)-
two-variable L-function. By using these functions, we [29] constructed p-adic

twisted (h, ¢)-L-function, Lé]z q(s7 t,x) which is twisted version of generalized
Leopoldt-Kubota p-adic L-function and Kim’s p-adic (h, q)-L-function [17].
This function interpolates the twisted (h, ¢)-generalized Bernoulli polynomials
and numbers. In [26], we constructed generating functions of ¢-generalized Eu-
ler numbers and polynomials. The author also constructed a complex analytic
twisted [-series, which is interpolated twisted g-Euler numbers at non-positive
integers. In [27], by using generating functions of the g-Benoulli numbers and
Mellin transform, we constructed ¢-L-functions, two-variable ¢- L-functions and
g-Dedekind type sums. We alse gave some new relations related to ¢-Dedekind
type sums and g-L-functions.

By using g-Volkenborn integration, we [28] constructed generating function

of the twisted (h, q)-extension of Bernoulli numbers, Bflhg (¢) and polynomials,

B;hf) (z,4q) by means of the following generating functions

logq" +t =y,
F(h) t —o4 - B( ) i
w,q() é—q et 1 nz::o ”’§(Q)n’

(h) (t +log q")
(3) Fel(t,z) = 7&] e ZBME (, q

We note that since F(h)(t 0) = F(h)(t z), we set B( )(0 q) = B( c(q). & —
1, then Bflhg)(q) — B(h (q) and F( )( ) — FM ) = % thls generating
function was defined by Kim [15]. If & —1land g — 1, then F¢ 4(t) — F(t) =
5 and B, ¢(q) — By are the usual Bernoulli numbers (see [5], [20], [33],

[9], [10], [11], [12], [13], [32]). The generalized twisted new (h,q)-extension
(h)

o 5(z, q) are defined by means of the generating

of Bernoulli polynomials B
function ([28], [30})

x(a)ge(a)g" et +logq") & ¢
E >=Z 2 gf YT =Y B =0

a=1 n=0
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where

@) B = (§ ) B )
k=0
Note that BT(L]?(’&(O, q) = Bﬁfié(q), lim, .1 Bithi ela) = Bflhi ¢» Where Bilhi ¢
are the twisted Bernoulli numbers (see [28]). If w — 1 and ¢ — 1, then
By, v.e(q¢) — B,y are the usual generalized Bernoulli numbers, and Bn%g (2,9)

— B,y (2) are the usual generalized Bernoulli polynomials (see [5], [22], [33],
[20], [21], 4], [1], [2], [6], [12], [13], [15], [16], [18], [19], [17], [25], [26], [24], [32]).

2. (h, q)-partial zeta function and the derivative of
ng,q(sata x) function at s =0

The aim of this section is to evaluate - Léhg 4(8:t,x) and prove

SEED (0 e L 0,8 )
Therefore, we need the following definitions and theorems.

Twisted (h, q)-extension of Hurwitz zeta function, Céhg (s,z) is defined by
(28], [30])

e h nh
(h) B §"q" hlogq ~~ &"q
Cf»q(s’x)_Z(n+z s—1 Z n+m5 1’

n=0

where s € C, x € R*. Relation between C( )(s z) and L( (8,2, x) is given by

h a h a+z
(5)  L{(s,2x) = th EX(@)C s (5, =) (128, [30)).
Theorem 3. ([29], [30]) Let x be a Dirichlet character of conductor f € Z+.
Let n € Z". We have

h

(6) Lyl —n,z,x) = ——XE

Remark 4. Observe that if £ — 1, then Lgfq) (s,z,x) is reduced to L((Zh)(s,z,
x) cf. ([15], [17]). If ¢ — 1 and h = 1, (1) is reduced to twisted two-variable

L-function:
oo

L0 = Y XL

m=0

Substituting z = 1 in the above, we have the twisted L-functions

o x(n)"
_nz::l ns ?
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where r € Z7T, set of positive integers, x is a Dirichlet character of conductor
fE€Z', and let £ =1, £ #1 [21]. Since the function n — x(n)£" has period
fr, this is a special case of the Dirichlet L-functions. Koblitz [21] and the author
gave relation between L(s, x, &) and twisted Bernoulli numbers, B,, , ¢ at non-
positive integers(see [20], [21], [25], [24]). In [18], Kim and Rim constructed two-
variable L-function, L(s,z | x). They showed that this function interpolates the
generalized Bernoulli polynomials associated with y. By the Mellin transforms,
they gave the complex integral representation for the two-variable Dirichlet
L-function. They also found some properties of the two-variable Dirichlet L-
function. In [31], Simsek, D. Kim and Rim defined g-analogue two-variable
L-function.

Let s be a complex variable, a and f € Z* with 0 < a < f. Twisted
(h, q)-partial zeta function is defined by [29]:

Definition 5. Let s € C.

> he¢n h e nh¢n
M) (g 0. f) — q""&" logg q"¢
Hgy(s,a:f) = Z s s—1 Z ns—1 -
n = a(mod f) n = a(mod f)
n>0 n >0
Relation between Hg;)(s, a: f)and Cglq)(s, x) are given by [29]
h aca p—s ~(h a
(7) e (5,05 1) = € 17°¢) 15, 5).
Observe that, the function H, gfl)(s, a : f) is meromorphic function for s € C
with simple pole at s = 1, having residue %. Hg;)(s, a : f) interpolates

generalized twisted (h, ¢)-Bernoulli polynomials at non-positive integer.

Corollary 6. ([29]) Let n € Z*. We have

ha¢a rn—1 (k) a . f
B (%.47)
(8) HM (1 —na: f) = - nxe L)
' n

By using (8) and (4), after some elementary calculations, we arrive at the
following theorem.

Theorem 7. Let n € ZT. We have

(9) Hé?(l—n,x—&—a:f)
ha¢a pn—1 T n—=k
- SR () () s
k=0

We modify the twisted (h, ¢)-extension of the partial zeta function as follows:
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Corollary 8. ([29]) Let s € C. We have

s—1 hafa 0 1—s f k
(10) Hg(,};)(s’a 2 f) = a(s_ql)sz_o ( i ) (a) B](:;f(qf)'

Observe that if £ = 1, then HE(Z)(S, a: f) is reduced to Héh)(s,a : f) cf. (for
detail see [17]).

Theorem 9. ([29]) Let s € C and let x (x # 1) be a Dirichlet character of
conductor f € Z+.

(11) Lg’;><s X)

= Zx Heg(s0: f)
oo k
vt S (1) (£) B
a=1 k=0

Twisted (h, ¢)-partial Hurwitz zeta function is defined by [29].

Definition 10. Let s € C.
Hg;)(s,x +a:f)

_ j?i g""¢" _ logq" j;i g
(z+mn)s s—1 (z +mn)s—1°
n = a(mod f) n = a(mod f)
n>0 n>0

Thus, by the above equation, we obtain
_ 00 k
() o (@4a)tTegheet Z 1-s f (h) ( f
H£7q($,x+a.f)— (S_l)f —~ k .'I;+a/ Bk7§f(q )'

By (10), we have the following relation:
Let s be a complex variable, a and f be integers with 0 < a < f, x € R with
0 < x <1, we have

(12) Léhq) (s, 2, x)

= }:x (s, xtarf)

f

1 s ha¢a

= x(a)(z +a) "7q""¢
s—lfazl

() ER)
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By the above equation, Léhq)(s,o:,x) is an analytic for x € R with 0 < z < 1

and s € C except s = 1. Observe that if £ — 1, then Léhq)(s7 x,x) is reduced to
L,(Jh)(s,x,x) cf. (for detail see [17]).

Here we can use some notations, which are due to Kim [17]. Let w be the
Teichmiiller character, having conductor f,, = p*. For an arbitrary character y,
we define x,, = xw™", where n € Z, in the sense of the product of characters.
In this section, if ¢ € C,, then we assume | 1 — ¢ |,< p 7 1. Let (a) =
w(a)a = —%~. We note that (a) = 1(mod p*Z,). Thus, we easily see that

w(a) "

Ya+p*t)(a+p*t)
Y(a)a + w™(a)(p*t) = L(mod p*Zy|t]),

(a+p't) = w-
= w
where t € C,, with | ¢ |,< 1, (a,p) = 1. The p-adic logarithm function, log,, is
the unique function C; — C,, that satisfies the following conditions:
i)
e (71)’”1‘“
1 1 = - <1
ng( + I) 7;1 n ) | € |p )
ii) log,(wy) = log, = +log, y, Vx,y € C}, and iii) log, p = 0.
Let

')
AJ (I) = Z anijnv
n=0

where a, ; € Cp,, 7 =0,1,2,..., be a sequence of power series, each of which
converges in a fixed subset

D={sec, s,y [ p 7T}

of C, such that

1) an; — anp as j — oo, for Vn,

2) for each s € D and € > 0, there exists ng = mno(s,€) such that
| D s @n,js" |p< € for Vj. Then lim; . A;(s) = Ao(s) for all s € D.
This is used by Washington [33] and Kim [17] to show that each of the function

w=*(a)a® and
> (i) (0) m

where F' is the multiple of p* and f = f,, is analytic in D. We consider the
twisted p-adic analogs of the twisted two variable ¢-L-functions, Léhq) (s,t,x).

These functions are the g-analogs of the p-adic interpolation functions for the
generalized twisted Bernoulli polynomials attached to x. Let F' be a positive
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integral multiple of p* and f = f,, and let
F

h 1 * —S8 a¢ca
Léagaq(s’t’X) = (8 _ 1)F Z X(a)<a+p t>1 qh §
a=1
(a,p) =1
> 1—s F k (h) rF
1 B .

Then ng,q (s,t, x) is analytic for t € C, with | ¢ |,< 1, provided s € D, except
s =1 when x # 1. For t € C, with | ¢ |,< 1, we see that

> 1-—s F § (h) ol
S () () e

k=0
is analytic for s € D. By definition of (a + p*t), it is readily follows that

(a+p*t)* = (a)* > pry ( Z ) (a~1p*t)* is analytic for t € C, with | ¢ |,< 1

when s € D. Thus, since (s — 1)Lg727q(s,t,x) is a finite sum of products of

these two functions, it must also be analytic for t € C, with | ¢ |,< 1, whenever
seD.

Theorem 11. ([29]) Let F be a positive integral multiple of p* and f = f, ,
and let

h
LY (s,t,%)

F
B ﬁ Z X(a)<a +p*t>1_5qha§a
a=1

(a,p) =1

—~( 1—s F g BM (,F
XI;) k_ a—l—p*t k,fF(q )
Then L

¢.p.q(8: 8 X) is analytic for h € Z* and t € C, with | t [,< 1, provided
s € D, except s = 1. Also, if t € C, with | t |,< 1, this function is analytic
for s € D when x # 1, and meromorphic for s € D, with simple pole at s =1

having residue
10g qh 1— thgF 1— thF
"E—1

1—q"¢ 1—g"¢
when x = 1. In addition, for each n € Z", we have

h * n—1p(h —1, %
L (1) = Panag @0~ Xa @ B 107 07)
&p.q v n )
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Remark 12. hObserve that )
lime_1 L") (s,t,x) = Lia(s,t,x) cf. [17].

limp—1 L (5,0, X) = Ly,q(s,x) cf. ([7], [8)).
limg—1 Ly,g(s, %) = Lp(s, %), cf. ([1], [3], [5], [20], [21], [23], [33]).

In [29], we defined twisted (h,q) partial zeta function. By (10), we now
define g-analogue of the partial p-adic twisted zeta function as follows:

oo k
a0 H e n = o 3 (1) (3) e,
k=0

where s € D, s # 1, k € Z with (a,p) =1, and F' is a multiple of p*, f = f, cf
([7], [8], [17]). This function is a meromorphic for s € D with a simple pole at
s = 1. We now calculate residue of this functions at s = 1 as follows:

log,, q"

) L
1%(3 DH.” (s,a:f) e 1

&:p,q

Substituting s =1 —n, n € Z" into (14), we have
n k
h L, \n n F h
B a-nai) = @y (1) (5) Bla

_ —%w_"(a)a" . ( . ) (Z)kB,i’zF(qF)

By using the following formula

h
Bli(z:q) =

( Z ) z"_kB,(ch)(q)7 n >0, (cf. Theorem 7 in [28]),
k=0

we obtain
0) W @F"T S (e (aNTTF m p
" (1-na:F) = - > (F) B (¢")
_ _w*n(a anlB(h) a F)
Thus we arrive at the following theorem:

Theorem 13. Letn € ZT.

[0

57p7q(1 —n,a:F)=—

By (12) and (14) we construct the following twisted p-adic (h, ¢)-L-function
as follows:
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Theorem 14. Let F' be a multiple of p*, f = fy. We have
F
h a¢a h
L (0= Y. xla)d" " H, (s.a: F).
a=1
(a,p) =1

In [29], we defined twisted Hé};)(s,x + a : F) partial zeta function. By
(10) and (13), the partial p-adic twisted zeta function is defined. Substituting
a = b+ tp* into (14), we obtain

Hg;),q(&b—i—tp* - f)

B <b+tp*>l—s [e'e) 1—s r k ) ;
- (-DF kZ:O k brip ) Drer(@):

Then by the similar method in the above, we define two variable twisted p-adic
(h, q)-L-functions as follows:

L (st = Y x(b)g"EHS) (s,b+tp" 1 F).

Observe that Hé’hp)’q(s, b+ tp* : F) is analytic for ¢t € C, with | ¢ [,< 1, where

s € D, except s = 1, and meromorphic for s € D, with a simple pole at s =1,
when t € C, with | ¢ ],< 1.

We now find %Lgﬁyq(o,t,x) below. The value of %Lglg’q(o,t,x) is the
(R)

coefficient of s in the expansion of L;  (s,t,x) at s = 0. By using Taylor
expansion at s = 0, we also need the following relations cf. [17]
1
1-s

(b+tp*)' = = (b+tp*) (1 — slog, (b+tp*) +---), cf. [17].
By the following definition

h
Lé,ﬁ,q(s, t,x)

= 1+s+82+---,

= ﬁ Y. x(@la+pt)Trghee

([ 1—s F \" _m
- F
S0 () st
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and w(a) is a root of unity for (a,p) =1,

(15) log, (b +tp*) = logp(b+tp*)+logpw_l(a)
= log,(b+tp*) cf. ([33], [17]).

We obtain
(16) %Lé’f;’q(o, £%)
1 F
=~ D x@fa+pniTigtee
a=1
(a,p):l
x<a+Fp*tB§7;F( ")+ B (g ))
1 a a+p*t
t% Z x(a){a + p*t) <logp 7 +1 pF>
a=1
(a,p) =1
haca ([ o) () ( F
<o et (B )+ B )
1 F
= . x@f{a+pge
a=1
(a,p) =1
F h = =D fa+pt\" o
<a+p*tB§,3F<qF>+mZ_2m((m)_l)( a ) Bfn,LF<qF>>.

For calculations the above equation, we need the following relations and defi-
nitions:
The Diamond gamma function defined by

oo

1
Gp(z) = (x — 5 )log, x —x + Z

7m

m:2

for [ & [,> 1, ¢f. ([1], 3], [17], [20], [21)).
We now define a twisted locally analytic function G! q,E( x), which is the
(h, q)-extension of the Diamond gamma function, as follows

Gige®) = / ((z + 2)log, (x + 2) = (x + 2)) dyuy (2), | @ |p> 1,

P



THE BEHAVIOR OF THE TWISTED p-ADIC (h, q)-L-FUNCTIONS AT s =10 927

where G( ) ¢(@) is locally analytic function on Z,\C,. By (2), and Theorem 4
in [28], we easﬂy obtain

a™ ()

P,q,€
)1+mB(h) (q)
m(m + 1)

—-n

h h h
S (xB((Lg(q) + B((J,ﬁ) (q))log, x — B(() ) )+ Z

for | = [,> 1. By substituting the above equation and (16) into (16), after some
calculations, we obtain

J _(n
%Lé,g,q(ovt,x)
F
a a+pt
= Y a@dee) ) ()
a=1
(a,p) =1
F
—L{y (0.t )log, F = D" xa(@q" € B (4",
a=1
(a,p) =1

Consequently, we complete the proof of Theorem 2.

Observe that if £ — 1, then 2 Léhg 4(0,2,x) is reduced to 5 L,(,hq) (0,¢, x) cf.

[17. fE—1,¢g—1,h=1, then Theorem 2 is reduced to Proposition 1 in [3].

Acknowledgement. The author expresses his sincere gratitude to referee for
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