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Overview

• What’s FMM about?

• Point-based rendering

• Insight into the method

• The algorithm and our contri-
butions

• Limitations, future work and
conclusion
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1. The Fast Multipole Method

• Speeds up matrix-vector prod-
uct sums of certain types

– Naive method is quadratic:
O(n2)

– FMM solves the problem in
linear time: O(n)
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1. The Fast Multipole Method

• Speeds up matrix-vector prod-
uct sums of certain types

– Naive method is quadratic:
O(n2)

– FMM solves the problem in
linear time: O(n)

• Tricks of the trade: Math, Precision, Data Structures

• Sometimes can get even better results

– Move from O(n3) to O(knlogn) or even O(kn)
– Solve “impossible” problems :-)
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• Want to go beyound flat poly-
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Point-Based Rendering

• Performance of graphics card
has increased tremendously

• Points are available as input
data

• Want to go beyound flat poly-
gons

• Rendering options

– Local illumination models . . . (surfels?)

– Ray-tracing and photon mapping

– Diffuse global illumination (this talk)

• Method works for traditional patch models too
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So what’s the Problem?

• Lots of points make the problem “intractable.”

– 1GB RAM = 210210210 bytes

– n2 = 230→ n = 32K

– In reality, we may desire a larger number

• Space is a constraint
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So what’s the Problem?

• Lots of points make the problem “intractable.”

– 1GB RAM = 210210210 bytes

– n2 = 230→ n = 32K

– In reality, we may desire a larger number

• Space is a constraint

• If solution involves inverting a matrix O(n3) time, that’s also a con-
straint

• What if we could solve the problem in O(n) space and O(n) time?
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Illumination Models Are Key to Rendering

• Ray tracing produces stunning pictures
but

– Pictures appear “too good.”

– Takes too long to produce reasonable
images
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Illumination Models Are Key to Rendering

• Ray tracing produces stunning pictures
but

– Pictures appear “too good.”

– Takes too long to produce reasonable
images

• Flat shading is quick but unreal

• Flat shading can be remarkably improved by discretizing environ-
ment into patches and computing intensity for each patch.
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Global Illumination In a Hurry

• Radiosity produces photorealistic pic-
tures that can handle non specular
scenes

– Enables color bleeding effects

– View independent representation

• Starting point is the general energy balance equation for the radi-
ance
L(x,θ0,φ0) = Le(x,θ0,φ0)+

∫
Ω ρbd(x,θ0,φ0,θ ,φ)Li(x,θ ,φ)cosθ dω
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Global Illumination In a Hurry

• Radiosity produces photorealistic pic-
tures that can handle non specular
scenes

– Enables color bleeding effects

– View independent representation

• Starting point is the general energy balance equation for the radi-
ance
L(x,θ0,φ0) = Le(x,θ0,φ0)+

∫
Ω ρbd(x,θ0,φ0,θ ,φ)Li(x,θ ,φ)cosθ dω

• Point-based rendering is in some sense easier

• For diffuse surfaces, radiosity is a popular quantity to compute

• In the sequel we assume occlusion is handled separately
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Iterative Solution

Gauss-Jordan: B(k+1)
i = Ei +∑N

j=1(ρiFi j )B
(k)
j (some i)


X
Bi
...
X

 =


X
Ei
...
X

+

 X X X X
...

...
...




X
X
...
X



4

5

2

3

1
Step 1

4

5

2

3

1
Step 2
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Southwell: For all j β
(k+1)
i = β

(k)
i +∑N

j=1(ρ jFi j )r
(k)
i


β1
βi
...

βn

 =

 Ei
...
X

+

 X
X
X
X


 X

...



Results in B(k+1)
j ← B j +ρ jFi j

Ai
A j

∆Bi
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Introduction to FMM

Suppose we have a collection of N points in 2D xi {i = 1,2, . . .N} and
we want to evaluate

f (x j) =
N

∑
i=1

αi(x j−xi)2 j = 1, . . . ,N

Each evaluation requires O(N). Since there are N evaluations,
straightforward method takes time O(N2)
fo r j = 1 to N

fo r i = 1 to N
sum[ j ] + = alpha [ i ] ∗ ( x [ j ]−x [ i ] ) ∗ ( x [ j ]−x [ i ] )

Can we do better?
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A Faster Solution: This is Not FMM

Expand f as

f (x j) =
N

∑
i=1

(αix
2
j +αix

2
i −2αix jxi)

= x2
j

( N

∑
i=1

αi

)
+

( N

∑
i=1

αix
2
i

)
−2x j

( N

∑
i=1

αixi

)
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A Faster Solution: This is Not FMM

Expand f as

f (x j) =
N

∑
i=1

(αix
2
j +αix

2
i −2αix jxi)

= x2
j

( N

∑
i=1

αi

)
+

( N

∑
i=1

αix
2
i

)
−2x j

( N

∑
i=1

αixi

)
Precompute (in O(N) time)

β =
(

∑N
i=1αi

)
and γ =

(
∑N

i=1αix2
i

)
and δ =

(
∑N

i=1αixi

)
Then each evaluation is f (x j) = x2

j β + γ−2x jδ and we have the O(N)
code

for i = 1 to N β += alpha[i];
for i = 1 to N γ += alpha[i] * x[i] * x[i];
for i = 1 to N δ += alpha[i] * x[i];
for j = 1 to N sum[j] = x[j]*x[j]*β + γ - 2*x[j]*δ
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2. A Faster Solution: This is Not FMM

Key point : f (x j) is written as a sum of products using analytical
manipulations

f (x j) =
N

∑
i=1

3

∑
k=1

αiAk(x j)Bk(xi)

=
3

∑
k=1

Ak(x j)
( N

∑
i=1

αiBk(xi)︸ ︷︷ ︸
precomputed

)

A1(x) = x2 A2(x) = 1 A3(x) = 2x

B1(x) = 1 B2(x) = x2 B3(x) = x

Effect of the data point is independent of where it is going to be used
(in management, work done is “people independent”).
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