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ABSTRACT
Two new Gauge-Uzawa schemes are constructed for incompressible flows with variable density.
One is in the conserved form while the other is in the convective form. It is shown that the
first-order versions of both schemes, in their semi-discretized form, are unconditionally stable.
Numerical experiments indicate that the first-order (resp. second-order) versions of the two
schemes lead to first-order (resp. second-order) convergence rate for all variables and that these
schemes are suitable for handling problems with large density ratios such as in the situation of
air bubble rising in water.

THE NAVIER-STOKES EQUATIONS WITH VARIABLE DENSITY

We consider in this paper numerical approximations of incompressible viscous flows with
variable density governed by the following coupled nonlinear system:��	�
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where the unknowns are the density �435� , the velocity field � and the pressure � ; ! is the
dynamic viscosity coefficient, ' represents the external force, ) is a bounded domain in 687
( 9 � � or 3) and -+3:� is fixed time. The system (1) is supplemented with initial and boundary
conditions for � and � :;<<= <<> �?�A@B�C� � ���ED��A@ � � in ) � and �?�A@B�.F �HG I�JLK MON PRQ ��S��A@B�.F � ��T�U@B�V� � ���WD��U@ � � in ) � and �T�U@B�.F ��G I �YXB�A@Z�.F � � (2)

where [ ��\ ) , and for any velocity field ] , [W^ is the inflow boundary defined by[_^�� �a`H@cb [d�e] �U@ � �Of f fhg4�,ij�
with f f f being the outward unit normal vector. We note that no initial and boundary condition is
needed for the pressure � which can be viewed as a Lagrange multiplier whose mathematical
role is to enforce the incompressibility condition.



How to construct stable and efficient numerical schemes for the system (1)-(2) is chal-
lenging since, in addition to all the difficulties associated with the incompressible flows with
constant density, it involves a transport equation for the density k which enforces, in addition
to the incompressibility, that the mass density remains unchanged during the fluid motion. It
is now well established (see, for instance, the review [2] and the references therein) that the
difficulties associated with the incompressibility can be effectively handled by using a suitable
projection type scheme originally proposed by Chorin [1] and Temam [11]. This approach has
been used in some papers for incompressible flows with variable density. However, the variable
density introduces considerable difficulties for the construction and analysis of accurate and
stable projection type schemes. For example, it is well-known that the skew-symmetry of the
nonlinear term in the Navier-Stokes equations (with constant density k�l ), namely,monWp kEqLrts�uwvyxzsWx${�|8}+~�� for re��x smooth enough and r8s�� � �$� ��}+~��
plays a very important role in the analysis of the Navier-Stokes equations and the corresponding
numerical schemes. However, this property no longer holds when k is not a constant.

GAUGE-UZAWA METHOD IN CONSERVED FORM

To overcome this difficulty, Guermond and Quartapelle [3] considered the following system
in conserved form: k����
r�s�u�k�� k � u2s�r&}+~��� p � r$vy��� p kjr8s�uwv�rh� r � u2s p kjr$v���u������W��r�}���� in ��� p ~��.�0���u2s�r&}+~�� (3)

where � }a� k .
If we apply Gauge-Uzawa method in [6,8] to (3), then we obtain the Gauge-Uzawa method

in conserved form
Algorithm 1[Gauge-Uzawa method in conserved form] Set k q }�kEq , r q }�r�q and � q }�~ ;
repeat for  �¡4¢&¡Y£¤¡:�0¥�¦���  :
Step 1 Find k�§H¨ª© as the solution of«¬­ ¬® k�§H¨ª©¯�"k�§¦ ��r § s�u°k §H¨ª© � k�§H¨ª©� u2s�r § }(~��k §H¨ª© � ��±�²�}�³ §o¨ª© �
Step 2 Find ´r�§H¨ª© as the solution of«¬¬¬¬¬­ ¬¬¬¬¬® � §H¨ª©

� §H¨ª©L´r�§H¨ª©¯� � §µr�§¦ �
k §H¨ª© p r § s�uwv ´r §o¨ª©�  ��¶ u2s p k §H¨ª© r § v�·¸´r §o¨ª© �¹��uw� § ���$�º´r §H¨ª© }�� §o¨ª© �´r §o¨ª© � �»}�¼ §H¨ª© �



Step 3 Find ½¿¾oÀªÁ as the solution ofÂÃÃÄ ÃÃÅ�Æ¹ÇdÈ�É ÊË ¾oÀªÁ Ç ½ ¾oÀªÁÍÌ
Î ÇdÈEÏÐ ¾oÀªÁOÑÒµÓÓ Ó ½ ¾oÀªÁHÔ Õ»Î�Ö,Ñ
Step 4 Update Ð ¾HÀªÁ and × ¾oÀªÁ by Ð ¾oÀªÁØÎ ÏÐ ¾oÀªÁ�Ù ÊË ¾HÀªÁ Ç ½ ¾HÀªÁVÑ× ¾oÀªÁ Î × ¾ Æ
Ç2È ÏÐ ¾oÀªÁLÚ
We proved the Stability Result for the Gauge-Uzawa method in conserved form in [9]:
The Gauge-Uzawa method in conserved form is unconditionally stable in the sense that, for allÛ�Ü Ö and Ö�ÝYÞ¤Ý:ßáà Û Æ Ê , the following a priori bounds hold:âââ Ëjã ÀªÁ âââ�äå Ù ãæ¾Hç å âââ Ë ¾HÀªÁ Æ Ë ¾ âââ�äå Î âââ Ë å âââ�äå Ñ
and âââ�è ã ÀªÁ ÏÐ ã ÀªÁ âââ äå Ù ãæ¾HçªÁ É âââ�è ¾HÀªÁ ÏÐ ¾HÀªÁ Æ è ¾ Ð ¾ âââ äå Ù ââââ Êè ¾ Ç ½ ¾ ââââ äå ÌÙêé Û âââ × ã ÀªÁ âââ äå Ù é ë Û ãæ¾oçªÁ âââ Ç ÏÐ ¾HÀªÁ âââ äå Ý âââ�è å ÏÐ å âââ äå Ù�ì�é Û ãæ¾oçªÁ âââ�í ¾oÀªÁ âââ ä î Á Ú

GAUGE-UZAWA METHOD IN CONVECTIVE FORM

If we apply Gauge-Uzawa method in [6,8] to (1), then we obtain the Gauge-Uzawa method
in convective form.

Algorithm 2[Gauge-Uzawa method in convective form] Set Ë å Î Ë å , Ð å Î Ð å and × å ÎzÖ ;
repeat for Ê Ý4ï&ÝYÞ¤Ý:ß0à Û Æ Ê :Step 1 Find Ë ¾HÀªÁ as the solution ofÂÃÄ ÃÅ Ë ¾HÀªÁ Æ Ë ¾Û Ù Ð ¾ È�Ç Ë ¾oÀªÁØÎ�Ö�ÑË ¾HÀªÁ Ô ÕHð�ñòÎ(ó ¾oÀªÁ Ñ
Step 2 Find ÏÐ ¾HÀªÁ as the solution ofÂÃÄ ÃÅ Ë ¾ ÏÐ ¾HÀªÁ Æ Ð ¾Û Ù Ë ¾oÀªÁ�ô Ð ¾ È�Çwõ ÏÐ ¾oÀªÁ�Ù¹é Ç × ¾ Æ é$ö ÏÐ ¾HÀªÁZÎ í ¾oÀªÁOÑÏÐ ¾oÀªÁ Ô Õ»Î(÷�Ñ
Step 3 Find ½ ¾oÀªÁ as the solution ofÂÃÃÄ ÃÃÅ Æ¹ÇdÈ É ÊË ¾oÀªÁ Ç ½ ¾oÀªÁÍÌ Î ÇdÈ ÏÐ ¾oÀªÁ ÑÒµÓÓ Ó ½ ¾oÀªÁHÔ Õ»Î�Ö,Ñ



Step 4 Update ø�ùHúªû and üoùoúªû by ø ùoúªûØýÿþø ùoúªû�� �� ùHúªû ��� ùHúªû��ü ùoúªûØý ü ù
	 ��� þø ùoúªû�

We proved the Stability Result for the Gauge-Uzawa method in convective form in [9]:

The Gauge-Uzawa method in convective form is unconditionally stable in the sense that, for all����� and ������������� 	 �
, the following a priori bounds hold:��� � � úªû ���"!# � �$ù&% # ��� � ùHúªû'	 � ù ���(!# ý ��� � # ���"!#

and ���") � úªû þø ùHúªû ��� !# � �$ù*% # + ���") ù-, þø ùHúªû.	 ø ù0/ ��� !# � ���� �) ù �1� ù ���� !#32
�
4 � ��� ü � úªû ���"!# � 4 5 � �$ù&% # ��� � þø ùHúªû ���"!# � ���") # þø # ���(!# �7684 � �$ù&% # ���"9 ùoúªû ���"! : û 
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