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ABSTRACT

We study an accurate numerical method on quasi-uniform grids for two-dimensional interface
problems. The method makes use of the singular function representation of the solution, the dual
singular functions, and the extraction formula for the stress intensity factors. It is shown that our
finite element approximation using continuous piecewise linear element on quasi-uniform grids
hasO(h) accuracy ind! norm. This is confirmed by a numerical experiment for an interface
problem whose solution is even notAf'-!.

MODEL PROBLEM

LetQ; (j =1, ..., J) be open, polygonal subdomains(of

QN =0 fori#j; and
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The Model interface problem is: finde H}(2) such that

for j =1, ..., J with interface conditions
ou ou
— .. | = 2
a; ani Ny + aj 8nj Ty 0 ( )

fori, j =1, ..., J such thaf’;; # (). Denote byl";; = 9%2; N 992; the common edge db; and
2; and letn; be the outward unit normal vector to the boundafy; of (2;. Assume that the
diffusion coefficient. is piecewise constant with respect to the partition:

a(az) =a; > 0 in Qj (3)



forj=1, .., J.

PRELIMINARIES

Using a suitable cut-off function, the solution of (1) has the following singular function

representation:
L

u=w-+ Y Kn,s, (4)
=1

wherew € H?*($;) for 1 < j < J. Moreover, the following regularity estimate holds:

Z |l + Z [l 2,y < ClIfll2@ (5)
We have an extraction formula for the stress intensity factor
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EXPLICIT FORM FOR SINGULAR FUNCTIONS S IN (4)

Let Q.. Qs - - -, 4, be the subdomains sharipgas a common vertex. Lét> 0 be a
small number such thatis the only vertex of the subdomians inside the di¥g, §) centered
atp with radiusd. Whenp belongs to the boundary of the domalnlet polar coordinateg-, )
be chosen so thdd(p, ) N Q,, = {(r,0) : 0 < r < f,w;—1 < O <w;}forl <i < I, where
wo = 0, andw; = w be the angle between the two edges)6f emanating fronp. Whenp
belongs to the interior of the domai, the subdomian$s2,,,.}._, completely surroung. So
we may have the polar coordinates such that= 0 andw; = 27. Let A\, = (ay,)? and©,,(0)
for k£ > 1 be, respectively, the positive eigenvalues and the corresponding eigenfunctions of the
Sturm-Liouville problem at the vertex: in subintervéls i, w;) ¢ =1, ..., I)

—0"(0) = \O(0), (7)
oninterfacesy; (i =1, ..., [ — 1)

lim ©(F) = lim ©(f) and a,, lim ©'() = an,,, lim ©'(0), (8)

0—w;” 9~>u.)i+ 0—w;” O—w;

and on boundaries= 0 andf = w or 2«

lim ©(0) = lim ©(0) =0 if p e o0 )
lim () = lim O(6),  lim ©(0) =a,, lim ©(9) fpeQ, (10)

0—0+ 0—(2m)— ' g—ot 0—(2m)~



where the eigenfunctions are normalized as follows:

I 1if 7=k,
S [ an6s0)0n0)d0 = (11)
=17 0if j # k.

Letay < ... <y bealla;s that satisiy) < «; < 1, define thesingular functionsand the
dual singular functiondy

si(r,0) =r*O(0) and s_i(r,0) =r"*0,(0), (12)

respectively. Note thay; ands_; are harmonic if2; ( As; = As_; = 01in ;). Itis easy to see
thatfori =1, ..., I

s1 € H™5(Q,,.) and s_; € H'™™¢(Q,,) (13)

for anye > 0.

VARIATIONAL PROBLEM

Substituting the singular function representation @f (4) into (1), using the extraction formu-
las of k; in (6), and regrouping terms, we have

/an Vvdx—z Z/ A, W A (25— l)dx/ al(n,s;) - vdx (14)

—/fvdx—l—z / fmas_ ld:p/ alA(n,s;) - vdx. (15)
a =1
Define the bilinear and Imear forms by

Qwaﬁmwwm (16)

Mh

a(w,v) = (aVw, V)

=1
and
g(v) = (f,v) + Z f m2s—1)(al(n,s1), v), 17)
respectively. Then its variational problem is to finde H}(Q) such that
a(w,v) = g(v), Yove Hy(Q). (18)

We will see the error analysis and its computational results.
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