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ABSTRACT

High-order finite element methods for discretizing a second-order uniformly elliptic partial dif-
ferential equation lead to a linear equationL̃N2U = F which requires efficient iterative methods
such as Schwarz-based methods, preconditioning methods related to multilevel methods, multi-
grid methods and etc. This is because such linear systems have large condition numbers which
depend on the order of the elements used and the mesh spacing. In particular, an algebraic multi-
grid (AMG) method is useful in the case of irregular grids. However it was reported that a direct
application of AMG toL̃N2U = F is not so efficient (see [1]). The convergence factor degrades
rapidly as the order of the elements is increased. For the case of Stokes and elasticity equations,
the complexity from the high-order finite element discretizations for AMG is even worse than
that of a simple elliptic partial differential equation. In [1], a preconditioning was constructed
by using the Legendre-Gauss-Lobatto quadrature points in each cell as mesh points for a bilin-
ear discretization. The preconditioning was approximately inverted by one AMG V-cycle. This
approach has several advantages, including the possibility to avoid assembly of the high-order
stiffness matrix. Numerical results show that this preconditioning was very effective, especially
when accelerated by a conjugate gradient method. It has also an advantage of a straightforward
matrix-free implementation for the fine grid high-order element matrix. In order to show that
such a bilinear preconditioning is effective, we will consider a uniformly elliptic boundary value
problem like

Lpu := −∇ · p(x, y)∇u + q(x, y)u in Ω = (−1, 1)× (−1, 1) (0.1)

with boundary conditions

u = 0 on ΓD, n · ∇u = 0 on ΓN (0.2)

whereΓ = ΓD ∪ ΓN with a nonemptyΓD andp(x, y) and q(x, y) are nonnegative smooth
bounded functions onΩ. The piecewise bilinear finite element preconditioner will be con-
structed by another uniformly elliptic boundary operatorB like

Bv := −∇ · ∇v + 2v in Ω = (−1, 1)× (−1, 1) (0.3)

with the same boundary (0.2). This operatorB yields a matrixB̂h2 to reduce the condition
numbers of a matrix̃LN2 induced by high-order elements applied to (0.1).

The main object in this article is to prove that the eigenvalues(B̂h2)−1L̃N2 are independent of
the degrees of high-order elements and the mesh sizes. As a result the condition numbers of the



preconditioned systems are fixed and small so that the complexity is no longer problem when
the AMG algorithm is applied. These make one to employ multigrid algorithms for solving
problems like (0.1) with high-order elements discretizations, which guarantee convergence of
the strategy of preconditioning the high-order matrix with a bilinear or trilinear matrix based on
Legendre-Gauss-Lobatto quadrature nodes well suited to a solution by multigird methods.

With the direction notationt = x or y, we assume thatM t andN t
j are natural numbers. Let

{tk}Mt

k=0 be the knots in the intervalI = [−1, 1] such that−1 =: t0 < t1 < · · · < tMt−1 <

tMt := 1. Let {ηk}Nt
j

k=0 and{ωk}Nt
j

k=0 be the Legendre-Gauss-Lobatto (=:LGL) points inI ar-
ranged by

−1 =: η0 < η1 < · · · < ηNt
j−1 < ηNt

j
:= 1 (0.4)

and its corresponding LGL weights respectively. HereM t denotes the number of subinter-
vals of I = [−1, 1] and N t

j denotes the number of LGL points on ajth subinterval by a
translation ofI. By the translation fromI to a jth subintervalI t

j := [tj−1, tj] we denote

G := {ξt
j,k}

Mt,Nt
j

j=1,k=0 as thekth− LGL points in each subintervalI t
j for j = 1, 2, · · · ,M t where

ξt
j,k =

ht
j

2
ηk + 1

2
(tj−1 + tj), ht

j = tj − tj−1 and the corresponding LGL weights{ρt
j,k}

Nt
j

k=0 are

given byρt
j,k =

ht
j

2
ωk, j = 1, 2, · · · ,M t.

Let Pk be the space of all polynomialspk(t) defined onI whose degrees are less than or
equal tok and letPh

Nt
j

be the subspace ofC[−1, 1] which consists of piecewise polynomi-

als pNt
j
(t) with supportI t

j = [tj−1, tj] whose degree is less than or equal toN t
j . For the

spacePh
Nt

j
, we describe two types of Lagrangian basis functions with respect toG, one of

which areinternal-Lagrange basis functionsdenoted as{φt
j,k(t)}

Mt,Nt
j−1

j=1,k=1 supported inI t
j and

the other of which areknot-Lagrange basis functionsdenoted as{φt
j,Nt

j
(t)}Mt−1

j=1 with sup-

port on [tj−1, tj+1], andφt
1,0(t) andφt

Mt,Nt
j
(t) with support on[t1, t2] and [tMt−1, tMt ] respec-

tively. For two dimensional high-order space, let[Ph
N ]2 := Ph

Nx
j
⊗ Ph

Ny
j
, whose basis functions

are given by tensor products of one dimensional piecewise Lagrange polynomials. LetVNt
j

be the space of all piecewise Lagrange linear functionsψ̂k(x) with respect to{ηk}Nt
j

k=0 on I.

DefineVh
Nt

j
as the space of all piecewise Lagrange linear functions{ψt

j,k(t)}
Mt,Nt

j

j=1,k=0 with re-

spect toG. For two dimensional piecewise linear space, let[Vh
N ]2 := Vh

Nx
j
⊗ Vh

Ny
j
, whose basis

functions are given by tensor products of one dimensional piecewise Lagrange linear func-
tions. Define an interpolation operatorINt

j
: C[−1, 1] → PNt

j
(I) such that(Ih

Nt
j
v)(ξt

j,k) =

v(ξt
j,k), v ∈ C[−1, 1]. Define a discrete inner product〈u, v〉N on C[−1, 1] × C[−1, 1] as

〈u, v〉N :=
∑Mt

j=1

∑Nt
j−1

k=0 u(ξt
j,k)v(ξt

j,k)ρ
t
j,k + u(ξt

Mt,Nt
j
)v(ξt

Mt,Nt
j
)ρt

Mt,Nt
j

and its corresponding

norm is given by‖u‖N = 〈u, u〉
1
2
N , for u ∈ C[−1, 1]. Finally, the notationa ∼ b for any

two real quantitiesa andb is meant by that there are two positive constants which do not depend
on mesh sizes and degrees of polynomials such that0 < c ≤ a

b
< C < ∞. The notation(U, V )

stands for
∑

uivi for any two vectorsU = (u1, · · · , ud)
T andV = (v1, · · · , vd)

T where the
superscriptT denotes the transpose of a vector. The standard spacesH1 andL2 will be used.
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1 MAIN RESULTS

Theorem 1 For all u ∈ Vh
Nt

j
, we have

|Ih
Nt

j
u|1 ∼ |u|1, ‖u‖ ∼ ‖Ih

Nt
j
u‖, and ‖u‖ ∼ ‖Ih

Nt
j
u‖N . (1.5)

Consider two uniformly positive definite elliptic operators defined inI = (−1, 1) such that

Lu = −(a1u
′)′ + a2 u, in I, u(−1) = u′(1) = 0 (1.6)

and
Bv = −(b1v

′)′ + b2 v, in I, v(−1) = v′(1) = 0 (1.7)

wherea1, b1 are positive constants anda2, b2 are nonnegative constants, which lead to two bi-
linear forms onV ×V whereV := {u ∈ H1(I), u(−1) = u′(1) = 0} as

l1(u, v) =
∫ 1

−1
a1u

′v′ + a2uv dt and b1(u, v) =
∫ 1

−1
b1u

′v′ + b2uv dt. (1.8)

For the high-order and piecewise linear approximations to (1.6) and (1.7), let

Ph,m
Nj

:= {v ∈ Ph
Nj

, v(−1) = v′(1) = 0},Vh,m
Nj

:= {u ∈ Vh
Nj

, u(−1) = u′(1) = 0} (1.9)

whose suitable basis functions{φµ}d
µ=1 and{ψν}d

ν=1 can be given respectively where

d := dim(Ph,m
Nj

) = dim(Vh,m
Nj

). (1.10)

Then the stiffness matrix̂LN with high-order elements based onG of (1.6) is given by

L̂N(µ, ν) = l1(φµ, φν), µ, ν = 1, 2, · · · , d, (1.11)

and the stiffness matrix̂Bh associated with piecewise linear elements based onG corresponding
to (1.7) is given by

B̂h(µ, ν) = b1(ψµ, ψν), µ, ν = 1, 2, · · · , d. (1.12)

DenoteM̂N andM̂h by mass matrices with respect to{φµ}d
µ=1 and{ψµ}d

µ=1 respectively, that
is, µ, ν = 1, 2, · · · , d,

M̂N(µ, ν) = (φµ, φν), M̂h(µ, ν) = (ψµ, ψν). (1.13)

Since all the stiffness and mass matrices are symmetric and positive definite, the precondi-
tioned matrix below also has all positive real eigenvalues.

Theorem 2 The eigenvalues of the preconditioned matrixB̂−1
h L̂N has all positive real eigen-

values{λµ}d
µ=1 independent of mesh sizeshj and degreesNj of polynomials, that is, there is

absolute positive constantsc andC such that0 < c ≤ λµ ≤ C < ∞.
For actual computations, the bilinear forml1(Ih

Nj
u, Ih

Nj
v) and(Ih

Nj
u, Ih

Nj
v) will be calcu-

lated at LGL points. Define two matrices̃LN andM̃N as

L̃N(µ, ν) = l1,N(φµ, φν), M̃N(µ, ν) = 〈φµ, φν〉N , (1.14)



where
l1,N(u, v) = a1〈u′, v′〉N + a2〈u, v〉N . (1.15)

Note that the equivalence of numerical quadrature leads to

(L̂NU,U) ∼ (L̃NU,U), and (M̂NU,U) ∼ (M̃NU,U) (1.16)

and these matrices̃LN andM̃N are symmetric and positive definite.
Corollary 3 The eigenvalues of the preconditioned matrixB̂−1

h L̃N has all positive real eigen-
values{λµ}d

µ=1 independent of mesh sizeshj and degreesNj of polynomials.
We now turn to two dimensional case. For this, we consider the model elliptic operatorL such
that

Lu = −[uxx + uyy] + 2u, u = 0 on ΓD, n · ∇u = 0 on ΓN , (1.17)

which leads to the bilinear forml(u, v) = (∇u,∇v) + 2(u, v), for u, v ∈ H1
D(Ω), where

H1
D(Ω) := {u ∈ H1(Ω) |u = 0 on ΓD}. Let [Ph,m

N ]2 := Ph,m
Nx

j
⊗ Ph,m

Ny
j

, [Vh,m
N ]2 :=

Vh,m
Nx

j
⊗Vh,m

Ny
j

. Let us order the LGL points by horizontal lines and we list all LGL points{ΞP}d2

P=1

as
ΞP = (ξµ, ξν), where P = µ + d(ν − 1), µ, ν = 1, 2, · · · , d,

whered is defined in (1.10). Accordingly, we order the basis vectorsΦP (x, y) ∈ [Ph,m
N ]2 and

ΨP (x, y) ∈ [Vh,m
N ]2 in the same order. Let̂Ls

N2 andB̂s
h2 be the stiffness matrices on the space

[Ph,m
N ]2 and [Vh,m

N ]2 respectively. From now on, assume thatai = bi = 1, i = 1, 2 in the
operatorsL1 andB1 in (1.6) and (1.7). Then using the one dimensional stiffness matricesL̂Nt

j
,

B̂ht
j

and mass matriceŝMNt
j
, M̂ht

j
, we have

L̂s
N2 = M̂Ny

j
⊗ L̂Nx

j
+ L̂Ny

j
⊗ M̂Nx

j
, B̂s

h2 = M̂hy
j
⊗ B̂hx

j
+ B̂hy

j
⊗ M̂hx

j
. (1.18)

Theorem 4 The eigenvalues of(B̂s
h2)−1L̂s

N2 are all positive and bounded. The bounds are in-
dependent of the mesh sizeshx

j , hy
j and the degreesNx

j , Ny
j of polynomials.

For actual computations of̂Ls
N2, we use LGL quadrature formula. For this, consider

lN(u, v) = 〈∇u,∇v〉N + 〈u, v〉N , (1.19)

which can be written as, foru, v ∈ [Ph,m
N ]2, lN(u, v) = V T (M̃Ny

j
⊗ L̃Nx

j
U where the vec-

tors U = (u1, · · · , ud2)T and V = (v1, · · · , vd2)T are vector representations ofu(x, y) =∑d2

P=1 uP ΦP (x, y) and v(x, y) =
∑d2

P=1 vP ΦP (x, y). Now we will use the matrixB̂s
h2 in

(1.18) as the preconditioner for
L̃s

N2U = F (1.20)
where

L̃s
N2 := M̃Ny

j
⊗ L̃Nx

j
+ L̃Ny

j
⊗ M̃Nx

j
. (1.21)

Theorem 5 The eigenvalues of(B̂s
h2)−1L̃s

N2 are all positive and bounded. The bounds are in-
dependent of the mesh sizeshx

j , hy
j and the degreesNx

j Ny
j .
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