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ABSTRACT

High-order finite element methods for discretizing a second-order uniformly elliptic partial dif-
ferential equation lead to a linear equatibg.U = F which requires efficient iterative methods

such as Schwarz-based methods, preconditioning methods related to multilevel methods, multi-
grid methods and etc. This is because such linear systems have large condition numbers which
depend on the order of the elements used and the mesh spacing. In particular, an algebraic multi-
grid (AMG) method is useful in the case of irregular grids. However it was reported that a direct
application of AMG toL y-U = F is not so efficient (see [1]). The convergence factor degrades
rapidly as the order of the elements is increased. For the case of Stokes and elasticity equations,
the complexity from the high-order finite element discretizations for AMG is even worse than
that of a simple elliptic partial differential equation. In [1], a preconditioning was constructed

by using the Legendre-Gauss-Lobatto quadrature points in each cell as mesh points for a bilin-
ear discretization. The preconditioning was approximately inverted by one AMG V-cycle. This
approach has several advantages, including the possibility to avoid assembly of the high-order
stiffness matrix. Numerical results show that this preconditioning was very effective, especially
when accelerated by a conjugate gradient method. It has also an advantage of a straightforward
matrix-free implementation for the fine grid high-order element matrix. In order to show that
such a bilinear preconditioning is effective, we will consider a uniformly elliptic boundary value
problem like

with boundary conditions
u=0 on I'p, n-Vu=0 on Iy (0.2)

wherel’ = I'p U I'y with a nonemptyl’, andp(z,y) andq¢(z,y) are nonnegative smooth
bounded functions of2. The piecewise bilinear finite element preconditioner will be con-
structed by another uniformly elliptic boundary operatblike

Bui=-V-Vu+2 in Q=(-1,1)x(-1,1) (0.3)

with the same boundary (0.2). This operafryields a matrixB,: to reduce the condition
numbers of a matrix. 5> induced by high-order elements applied to (0.1).

The main object in this article is to prove that the eigenva[@s)—lim are independent of
the degrees of high-order elements and the mesh sizes. As a result the condition numbers of the



preconditioned systems are fixed and small so that the complexity is no longer problem when
the AMG algorithm is applied. These make one to employ multigrid algorithms for solving
problems like (0.1) with high-order elements discretizations, which guarantee convergence of
the strategy of preconditioning the high-order matrix with a bilinear or trilinear matrix based on
Legendre-Gauss-Lobatto quadrature nodes well suited to a solution by multigird methods.

With the direction notationt = z or y, we assume that/‘ and N; are natural numbers. Let
{tx}M be the knots in the intervdl = [—1,1] such that-1 =: ty < t; < --- < typ_y <

t t
tye = 1. Let {nk}ffgo and {wk}kNio be the Legendre-Gauss-Lobatto (=:LGL) points/iar-
ranged by

—l=mpp<m<---< Nt-1 < NNt = 1 (0.4)

and its corresponding LGL weights respectively. Haié denotes the number of subinter-
vals of I = [~1,1] and N} denotes the number of LGL points onj& subinterval by a
translation of. By the translation from/ to a j'* subintervall! := [t;_,1;] we denote

G = {fik}jj\il’ij:o as thek' — LGL points in each subintervdl for j = 1,2,--- , M" where
=S+ 1t +1t;), At =t;—t; , and the corresponding LGL Weigh{s;k}fjio are
given byp;k = %Wk, j = 1727"' 7Mt'

Let P, be the space of all polynomiajs;(¢) defined on/ whose degrees are less than or
equal tok and letP?, be the subspace af[—1, 1] which consists of piecewise polynomi-

als pN;(t) with suppért[j = [tj_1,1;] whose degree is less than or equalNo. For the
spaceP%., we describe two types of Lagrangian basis functions with respe6t tine of

which areinternal-Lagrange basis functiordenoted as{qbik(t)}j]\f{f:_ll supported in/; and
the other of which aré&not-Lagrange basis functiordenoted as{qb;’N;_ (t)}j]‘ffl with sup-
port onft;_i,t;41], andgf o(t) and @, v () with support onft, to] and [tase—1, tar] respec-
tively. For two dimensional high-order épace, Bt)? = P]’@f ® 73}{,;,, whose basis functions
are given by tensor products of one dimensional piecewise Lagrange ponnomiaIBN;Let

be the space of all piecewise Lagrange linear functiops:) with respect to{nk}],ﬁo onI.

Define Vi, as the space of all piecewise Lagrange linear functi{n@%(t)}fﬁio with re-

spect tog.] For two dimensional piecewise linear space[18}]? := V}@f ® thvf, whose basis
functions are given by tensor products of one dimensional piecewise Lagrange linear func-
tions. Define an interpolation operat®f: : Cl-1,1] — Pn:(I) such that(I]’\‘,;v)( k) =
v(&,), v € C[-1,1]. Define a discrete inner produ¢t, v)y on C[—1,1] x C[-1,1] as

t Ni-1 . .
(u,v)n = Zj]\/il Srlo w(&p)v(E )by + U(fﬂt,N;)U(ﬁw,N;)Pﬁwt,N; and its corresponding

norm is given by||u||y = <u,u>1%\,, for w € C[-1,1]. Finally, the notatior: ~ b for any

two real quantities andb is meant by that there are two positive constants which do not depend
on mesh sizes and degrees of polynomials suchithat < ¢ < C' < oo. The notationU, V')
stands fory" u,v; for any two vectord/ = (uy, -+ ,uq)” andV = (vy,--- ,vq)T where the
superscripf’ denotes the transpose of a vector. The standard sp&casd L? will be used.
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1 MAIN RESULTS
Theorem 1 For all u € V},, we have
[ Theuls ~ fuls,  full ~ |Zhul, and flull ~ |Zheu]y. (1.5)
Consider two uniformly positive definite elliptic operators defined ia (—1, 1) such that
Lu=—(aqqu') +agu, in I, wu(-1)=u'(1)=0 (1.6)

and
Bv=—(byv') +byv, in I, v(-1)=2(1)=0 (1.7)

wherea,, b; are positive constants and, b, are nonnegative constants, which lead to two bi-
linear forms onV x V whereV := {u € H'(I), wu(-1)=4/(1) =0} as

1 1
I (u,v) = / a1u'v' + aguvdt  and by (u,v) = / biu'v" + byuw dt. (1.8)
1 —1

For the high-order and piecewise linear approximations to (1.6) and (1.7), let
PN i={vePh, v(-1)=v(1) =0}, V" ={ucV}, u(-1)=u(1)=0} (1.9)
whose suitable basis functiofie, }¢_, and{«, }?_, can be given respectively where
d := dim(Py"™) = dim(Vy™). (1.10)
Then the stiffness matrik y with high-order elements based Grof (1.6) is given by

ZN(,M, V) = l1(¢ua Cbu), m, V= 1727 e ad7 (111)

and the stiffness matri®), associated with piecewise linear elements baseg corresponding
to (1.7) is given by

Bh(/l»V) :bl(¢;L7¢V)7 H,V = 1727"' 7d' (112)
DenoteMy and M, by mass matrices with respect{o,, ﬁ:1 and {%}ﬁ:1 respectively, that
iS,,u,V: ]-727"' 7d7

My (1,v) = (S 00)s - Malp,v) = ( 0)- (1.13)

Since all the stiffness and mass matrices are symmetric and positive definite, the precondi-
tioned matrix below also has all positive real eigenvalues.

Theorem 2 The eigenvalues of the preconditioned maiix' L has all positive real eigen-
values{/\#}ﬁ:1 independent of mesh sizesand degreesV; of polynomials, that is, there is
absolute positive constantsandC such thatd) < ¢ < )\, < C < oo.

For actual computations, the bilinear folpiZ}; u, 3y v) and(Z} u, I}, v) will be calcu-

lated at LGL points. Define two matricés, and My as

ZN(N? I/) = ll,N(¢,u7¢l/>7 MN(M) V) = <¢u7¢l/>N7 (114)



where
ln(u,v) = a (U, v") n + az{u, v) N. (1.15)
Note that the equivalence of numerical quadrature leads to

(LyU,U) ~ (LyU,U), and (MyU,U) ~ (MyU,U) (1.16)

and these matriceky and My are symmetric and positive definite.

Corollary 3 The eigenvalues of the preconditioned mafB;XlEN has all positive real eigen-
values{/\“}jj:1 independent of mesh siziesand degreesV; of polynomials.

We now turn to two dimensional case. For this, we consider the model elliptic opératarh
that

Lu = [ty +tyy) +2u, u=0 on Tp n-Vu=0 on Ty, (1.17)

which leads to the bilinear fori(u,v) = (Vu, Vo) + 2(u,v), for w,v € H} (), where
HAH(Q) = {u € H(Q)|u = 0 on Dp}. Let [P = Pu @ Phy’, V™2 =
V'@Vl Letus order the LGL points by horizontal lines and we list all LGL poiiEs }%._,
as ’

EP:(€M7§V)7 where P:/’L+d(1/_1)7 M7V:1727”'7d7
whered is defined in (1.10). Accordingly, we order the basis vectssz, y) € [Ph™2 and
Up(z,y) € [V in the same order. Let3. and B;, be the stiffness matrices on the space
[Ph™)2 and [Vk™]? respectively. From now on, assume that= b, = 1, i = 1,2 in the
operators.; and B, in (1.6) and (1.7). Then using the one dimensional stiffness matﬁg;e,s

Eh;. and mass matriceM?N;,, ]\/Zh; , we have
Ly = MN];; ® EN],I + ENJ_y ® MN;, B;» = M\h;’ ® Bhf + Bh;' ® Mh;- (1.18)

Theorem 4 The eigenvalues df3;,) ' L3 are all positive and bounded. The bounds are in-
dependent of the mesh siZgs i} and the degrees’s, N/ of polynomials.

For actual computations (fffvz, we use LGL quadrature formula. For this, consider
lN(”a U) = <VU, VU>N + <'LL, U>N7 (119)

which can be written as, for,v € [Py"]?, Iy(u,v) = VT (Myy © Ly:U where the vec-
torsU = (uy, -+ ,ug)l andV = (v, -+ ,v2)? are vector representations ofz,y) =
Y4 up®p(z,y) and v(z,y) = X4 vp®p(z,y). Now we will use the matrixB;, in
(1.18) as the preconditioner for B
LU =F (1.20)

where

L5 = J\A/TN;/ ® Lys + ZN; ® Mpy:. (1.21)
Theorem 5 The eigenvalues dfB;,) ' L%, are all positive and bounded. The bounds are in-
dependent of the mesh siZgs h} and the degrees’s N/
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