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ABSTRACT

A variant of the operator integrating factor splitting anglly proposed by Maday et al. (1990)
is applied to ah-adaptive, non-conforming spectral element shallow watedel over the
sphere. The resulting algorithm is efficient and avoids gpe tof local time-stepping like in
the Berger-Oliger algorithm. The model is tested againststiallow water cases proposed by
Williamson et al. (1992). The numerical results show that fossible to keep the semi-implicit
time step constant while varying the advective time scalaeet the maximal Courant restric-
tion.

1 INTRODUCTION

The ill posedness of the primitive equatidnfor any kind of non-periodic boundary con-
ditions, was demonstrated by Oliger and Sundstrom [7]. Thssical AMR? algorithm of
Berger and Oliger [1] cannot be applied directly becauseviblves local time-stepping. This
is a severe restriction for spatially adaptive climate satians: a problem requiring multiple,
century-long integrations of the equations governing taghzs atmosphere. The consequences
on numerical methods are twofold. First, extremely effittéme-stepping algorithms need to
be employed. Secondly, because of the computational reseavailable, global grid resolu-
tions in atmospheric climate models are much coarser thannmerical weather models. The
latter are employing much finer grids but not over the enfiteese. However, the need for finer
grids in climate simulations is necessary to verify thatesewveather events like hurricanes
have an influence on the correct climate signal. The first migaleissue is investigated: ef-
ficient non-local time stepping for handling the primitivguations on dynamically adaptive
grids. The proposed algorithm thereafter is based on theatipeintegrating factor (OIF) of
Maday et al. [5]. Robert [8] demonstrated that a six-fold@ase over the explicit time step for
atmospheric general circulation models could be achieviétbwt recourse to a fully implicit
integrator. The algorithm consisted in a semi-Lagrangieatimnent of advection combined with
a semi-implicit scheme for the stiff terms responsible fravity waves. Recently, St-Cyr and
Thomas [12] demonstrated that the semi-implicit semi-khagran approach is equivalent to the
general OIF algorithm when the stiff terms are separated fite advective ones.
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2 SHALLOW WATER EQUATIONS

The shallow water equations have been used as a vehiclestorggromising numerical
methods for many years by the atmospheric modeling commurtiey contain the essential
wave propagation mechanisms found in atmospheric genecalation models. These are the
fast-moving gravity waves and nonlinear Rossby waves. @tierlare important for correctly
capturing nonlinear atmospheric dynamics. The governinggons of motion for the inviscid
flow of a free surface are
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v is the horizontal velocity and = gh the geopotential height wheteis the height above sea
level andyg is the gravitational acceleration constant. The given @igrparameterf depends
only on the position vector on the sphere d@nid a unit vector in the radial direction. In the
above systeng = i - V x v represents the component of the vorticity in the radialatios.
The flux form shallow-water equations in curvilinear cooates are described in Sadourny [9].
Let a; anda, be the covariant base vectors of the transformation betweeoube inscribed
into the sphere and the surface of the sphere. The metriortehthe transformation is defined
asG;; = a; - a;. Covariant and contravariant vectors are related throhghnetric tensor by
u; = Gyu?, u' = GYu;, whereGY = (G;;)~' andG = det(G,;). The six local coordinate
systems, denoted Ky', 2%) for all faces, are based on equiangular central projectian4 <
z!, 2? < 7/4. The metric tensor for all six faces of the cube is
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wherer = (1 +tan® ' +tan® z2)"/? andv/G = 1/r% cos® 2! cos® z2. To formulate the shallow
water equations in curvilinear coordinates, the spatlahmnrs like vorticity and divergence are

replaced with their curvilinear definitions namely= — e [% — %} and%V -v/Gu where
u denotes the covariant velocity.

3 NONLINEAR OPERATOR INTEGRATING FACTOR SPLITTING

To avoid problems related to ill-posed boundary conditiand local time stepping, we
adopt the nonlinear operator integration factor split(@¢FS) scheme developed in [12]. Sub-
stepping is applied to
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with initial conditionsv (x, t"~9) = v(x, t"~%), ®(x, t"~9) = ®(x, t"~9). The integration factor
Q% (t) is applied to the remaining de-coupled system of equationgaining the Coriolis and



linear gravity wave terms

fkxv+Vod
q)()V‘V

d . |v|
F A0 H 10 ©

where the geopotential height is decomposed into a petiarbabout a constant base state,
®,. For an implicit second order backward differentiatiomfioifa (BDF-2), sub-stepping of the
right-hand-side terms is not required beca@$g(t") = I. The resulting time discretization of
(6) is given by
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The values of the fields and® at time levels: — 1 andn — 2 are computed by sub-stepping
(4) and (5) on the intervalg™~! "] and [t"~2,¢"]. An implicit equation for®" is obtained
after space discretization and application of block Gaumssiimination, resulting in a mod-
ified Helmholtz problem. The non-symmetric linear systensadved using the conjugate-
gradient squared (CGS) algorithm. For spectral elememadiriear advection operator is skew-
symmetric with purely imaginary eigenvalues. Thereforegéicient time integration scheme
for sub-stepping should have a stability region that inekid large portion of the imaginary
axis. A fourth-order Runge-Kutta (RK-4) scheme is emploj@dsub-stepping. The shallow
water equations are discretized in space usingPthe- Py_, spectral element method (see
[13]).

4 SPECTRAL ELEMENT DISCRETIZATION

The equations of motion are discretized in space usindPthe- Py _, spectral element
method as in [13]. The cubed-sphere is partitioned fitelement<2* in which the dependent
and independent variables are approximated by tensouptrpdlynomial expansions. The ve-
locity is expanded in terms of th&-th degree Lagrangian interpolaritsand the geopotential
is expanded using theV — 2)—th degree interpolants:

N—-1N-1 B B
T1,7’2 ZZV h 7’1 ) 7’1,7’2 fh 7’1 h(T’Q)

=0 57=0 =1 j=1

<

A weak Galerkin formulation results from integration of thquations with respect to test
functions and direct evaluation of inner products using $sdiegendre and Gauss-Lobatto-
Legendre quadratur€’® continuity of the velocity is enforced at inter-element bdaries shar-
ing Gauss-Lobatto-Legendre points by applying a direffhstss summation [2]. The advection
operator in the momentum equation is then expressed in tefthe relative vorticity and ki-
netic energy, whereas the continuity equation relies orvéhecity form. Wilhelm and Kleiser



[14] have shown that the rotational form of the advectionrajm is stable for th&®y — Py_»
spectral element discretization.

4.1 Non-conforming elements

The collocation points at the boundaries of non-confornspgctral elements are not co-
incident and a procedure is required to glue these elemegtther. Several techniques are
available including mortars [6], and interpolation [3].&true unknowns at a boundary belong
to the master coarse element and are passed to the refinedetdavents by a procedure de-
scribed in what follows. From (10), at one of the element loawiesl',,, wherer; = 1, the
trace of the solution is
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whereh; are the Lagrange interpolants defined at the Gauss-Legéotiadto (GLL) points. To
interpolate the master solution to the slave edge, a mappicrgated from the slave reference
element relative to the master’s reference elementy! etenote this mapping where € [1, 2']

is the slave face number ands the level ofh—refinement. Interpolation can be expressed in
matrix form as

EARERHUN() (11)
where{¢;}Y, are the Gauss-Legendre-Lobatto points used in the quaeatd in the colloca-
tion of the dependent variables.uf are the unknowns on the edge of the master element, then
J! v¥ represents the master element contributions passed t@tigsstements. Assembly of the
global spectral element matrix is not viable on todays caensu The action of the assembled
matrix on a vector is performed with the help of a direct sgs summation (DSS). Fdr, a
matrix resulting from the spectral element discretizavbm differential operator, defined for
the true degrees of freedom adg, the block diagonal matrix of the individual local contribu
tions of each element as if they were disjoint, the DSS fof@wning elements is represented

by
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where a non-conforming formulation can be obtained by @ptpthe scattering boolean matri-
cesQ with Q = J.Q. The block diagonal matri¥;, consist of the identity where the interface
between elements are matching and of the interpolationixn@tt) where interfaces are non-
conforming.

5 NUMERICAL EXPERIMENTS

Our numerical experiments are based on the shallow watesuds of Williamson et al
(1992) and are well suited to asses the quality of numerigakighms for climate modeling.

Stationary geostrophic flow Test case 2 is a stationary East-West flow, representinthade
between the Coriolis and geopotential gradient forcesemtbmentum equation. The velocity



field on the sphere is specified initially (and for all time) as
u =g (cosfcosa+ cosAsinfsina), v =—upsin Asina .

wherea is the angle between the axis of solid body rotation and ther pais. The angleéand
A are the latitude and longitude respectively. The analydmpptential fieldb = gh is specified
as

2
O =P, — <aQu0—|— %) x (—cos Acosfsina +sinfcosa )® .

a is the radius of the earth anftlis the rotation rate. Parameter values are specified g be
27a/(12days) and®, = 2.94 x 10* m? /s. The Coriolis parameter associated with this solution
is f = 2Q(—cosAcosfsina+sinfcosa ). This is a difficult test for the nonlinear OIFS
scheme because sub-stepping is active even when the sakisitationary. The purpose of the
testis to determine if BDF-2/RK-4 time stepping performdrghan a Crank-Nicholson/Leap-
frog (CNLF) scheme underandh refinement. A large time step size was chosé&n<£ 1200s),
representing the time scale of physical processes. The BRRK-4 integrator enables the model
to refine one level deeper with respectitor p while maintaining the same time step size.

Elements:| 62 GLL 82 GLL 102 GLL 162 GLL

24 SI/OIFS SI/OIFS SI/OIFS SI/OIFS
96 SI/OIFS SI/OIFS SI/OIFS | failed/OIFS
384 SI/OIFS SI/OIFS | failed/OIFS

1536 SI/OIFS | failed/OIFS

6144 failed/OIFS
Table 1 Robustness test for OIFS and CNLF time stepping $bcese 2. Failed indicates when
the time-stepping scheme becomes unstable.

Flow over a mountain: Test casé is a zonal flow impinging on a mountain. The mean equiv-
alent depth of the atmosphere is setitp= 5960 meters. The mountain height is given by
hs = he (1 —r/R), whereh,, = 2000 m, R = /9, andr? = min[R? (A — \.)? + (6 — 0.)?].
The center of the mountain is located)at= 37/2 andf. = 7/6 in spherical coordinates.
An exact solution is not known and relative error metricsammputed by comparing against a
T2133 spectral transform reference solution. The problem igjirated forl5 days with a base
mesh of resolutio® degrees. Three levels of static refinements where the moumgght is
greater thardm. In addition, dynamic refinements with 3 refinement levetsapplied where
the absolute value of the relative vorticity is greater than 5s~! (see [11]). Numerical simula-
tions demonstrate that the semi-implicit time step can Ip¢ éenstant while changing the CFL
condition of the OIF problem related to the advective scdl@s leads to an efficient method
for AMR simulations. Figure 1 shows the solution aftérdays.

REFERENCES

1. Berger, M. and J. Oliger, 1984: Adaptive mesh refinemarttyperbolic partial differential
equations.J. Comput. Phys., 53, 484-512.

3 A 640 x 320 Global Gaussian grid on the sphere in spherical coordinates



N

10.

11.

12.

13.

14.

15.

4900 5000 5100 5200 5300 5400 5500 5600 5700 5800 5900 6000

Figure 1. Plot of the geopotential heighttadlays for the flow impinging a mountain.
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